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Êîñìîëîãè÷åñêèå âîçìóùåíèÿ: ôîíîâàÿ ìåòðèêà, êîíôîðìíîå
âðåìÿ. Äæèíñîâñêàÿ íåóñòîé÷èâîñòü. Ñêàëÿðíûå, âåêòîðíûå,
òåíçîðíûå ìîäû âîçìóùåíèé.
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Êîñìîëîãè÷åñêèå âîçìóùåíèÿ: ôîíîâàÿ ïëîñ-
êàÿ ìåòðèêà, êîíôîðìíîå âðåìÿ.

dη = dt/a; dt = adη; dt/dη = a (9.1)

ds2 = a2(η)[dη2 − δijdxidxj] = a2(η)ηµνdx
µdxν (9.2)

Ïåðåïèøåì óðàâíåíèÿ â ïðîèçâîäíûõ ïî êîíôîðì-
íîìó âðåìåíè:

d

dη
=
dt

dη

d

dt
= a

d

dt
⇒ d

dt
=

1

a

d

dη
(9.3)

H =
ȧ

a
=
a′

a2
(9.4)

Óðàâíåíèå Ôðèäìàíà

H2 =
8π

3
Gρ⇒

(
a′

a2

)2

=
8π

3
Gρ (9.5)

(i, j)-êîìïîíåíòà óðàâíåíèé Ýéíøòåéíà F

2
ä

a
+
ȧ2

a2
= −8πGp⇒ 2

a′′

a3
− a′2

a4
= −8πGp (9.6)

Êîâàðèàíòíûé çàêîí ñîõðàíåíèÿ ýíåðãèè

ρ̇ + 3
ȧ

a
(ρ + p) = 0⇒ ρ′ + 3

a′

a
(ρ + p) = 0 (9.7)

Êîñìîëîãè÷åñêèå ðåøåíèÿ a(η) F:

ÐÄ-ñòàäèÿ: η = const · t1/2; a(η) = const · η (9.8)

ÄÌ-ñòàäèÿ: η = const · t1/3; a(η) = const · η2 (9.9)

Λ− ñòàäèÿ: η = −const ·e−HdSt, η < 0; a(η) = − 1

HdSη
(9.10)

H2
dS =

8π

3
GρΛ (9.11)

Êîýôôèöèåíòû â (9.8) è (9.9) �
÷åðåç a0 è èçìåðèìûå âåëè÷èíû

ÐÄ-ñòàäèÿ (+ àäèàáàòè÷íîñòü T . 100 ÃýÂ)

H2 =
8π

3
Gρ =

8π

3
G
π2

30
g∗T

4 (9.12)

Ñîõðàíåíèå ýíòðîïèè:

g∗a
3T 3 = g0

∗a
3
0T

3
0 (9.13)

T 3 =
g0
∗
g∗

a3
0

a3
T 3

0 ⇒ T =

(
g0
∗
g∗

)1/3
a0

a
T0 (9.14)

ρcΩrad =
π2

30
g0
∗T

4
0 ⇒ T 4

0 =
Ωradρc
π2

30g
0
∗

(9.15)

Ïîäñòàâëÿåì (9.15) â (9.14), (9.14) â (9.12):

H2 =

(
8π

3
Gρc

)(
g0
∗
g∗

)1/3(a0

a

)4

Ωrad =

= H2
0

(
g0
∗
g∗

)1/3(a0

a

)4

Ωrad (9.16)



η =

∫ t

0

dt

a(t)
= \t→ a(t) : da = ȧdt, dt = da/ȧ\ =

=

∫ a

0

1

a

da

ȧ
=

∫ a

0

da

a2H(a)
= \(9.16)\ =

=

∫ a

0

da

a2H0

(
g0∗
g∗

)1/6(
a0
a

)2√
Ωrad

=
1

H0

(
g∗
g0
∗

)1/6
1

a2
0

a√
Ωrad

(9.17)

η =
1

H0

(
g∗
g0
∗

)1/6
1

a0

1√
Ωrad

a

a0

(9.18)

ÄÌ-ñòàäèÿ (íî íå Λ)

H2
0 =

8π

3
Gρc (9.19)

H2 =
8π

3
GρM =

8π

3
Gρ0

M

(a0

a

)3

⇒ (9.20)

H2

H2
0

=
ρ0
M

ρc

(a0

a

)3

= ΩM

(a0

a

)3

⇒ H2 = H2
0ΩM

(a0

a

)3

(9.21)

η =

∫ t

0

dt

a(t)
=

∫ a

0

da

a2H(a)
=

=

∫ a

0

da

a2H0

√
ΩM(a0/a)3/2

=
2

a0H0

√
ΩM

√
a

a0
(9.22)

η2 =
a

a0

4

a2
0H

2
0ΩM

(9.23)

Êîíôîðìíûå âðåìåíà η0, ηr, ηeq � ÷åðåç a0 è èç-
ìåðèìûå âåëè÷èíû

Óðàâíåíèå Ôðèäìàíà:

H = H0

√
ΩΛ + ΩM(1 + z)3 + Ωrad(1 + z)4 (9.24)

η =

∫ t

0

dt

a(t)
=

∫ a

0

da

a2H(a)
=

=

∖
z + 1 =

a0

a
; da = − a0

(z + 1)2
dz

∖
=

=

∫ z

∞
− dz

a0H(z)
=

=
1

a0H0

∫ ∞
z

dz√
ΩΛ + ΩM(1 + z)3 + Ωrad(1 + z)4

(9.25)



Êîíôîðìíîå âðåìÿ ñîâðåìåííîé ýïîõè:

η0 =
2

a0H0

√
ΩM

×

× 1

2

∫ ∞
0

dz√
ΩΛ
ΩM

+ (1 + z)3 + Ωrad
ΩM

(1 + z)4
=

=
2

a0H0

√
ΩM

× I(ΩM) (9.26)

ΩM = 0.31, ΩΛ = 0.69,Ωrad = 2 · 10−4 ⇒
I(ΩM) ≈ 0.89 (9.27)

Êîíôîðìíîå âðåìÿ ïîñëåäíåãî ðàññåÿíèÿ (ðåêîìáè-
íàöèè):

ηr =
2

a0H0

√
ΩM

1

2

∫ ∞
zr

dz√
(1 + z)3 + Ωrad

ΩM
(1 + z)4

=

=
2

a0H0

√
ΩM

F

(
Ωrad

ΩM

)
(9.28)

F ñ÷èòàåòñÿ:

F

(
Ωrad

ΩM

)
=

√
1

1 + zr
+

Ωrad

ΩM
−
√

Ωrad

ΩM
=∖

ΩM

Ωrad
= 1 + zeq F

∖
=

√
1

1 + zr
+

1

1 + zeq
−

√
1

1 + zeq

F = 0.017 (9.29)

Ëåãêî ñ÷èòàåòñÿ óãîë âèäèìîñòè ãîðèçîíòà ðåêîìáè-
íàöèè:

∆θr = ηr/η0 = 0.019; ∆θr = 1.1o (9.30)

ηeq =
2

a0H0

√
ΩM

√
2− 1√
1 + zeq

; F = 0.0076 (9.31)

ηr
ηeq

= 2.3;
η0

ηeq
= 1.2 · 102 (9.32)

ηr è ηeq áëèçêè, íî íå ñîâïàäàþò.

a0ηeq =
2

H0

√
ΩM

1√
1 + zeq

(
√

2− 1) (9.33)

a0ηr =
2

H0

√
ΩM

(√
1

1 + zr
+

1

1 + zeq
−

√
1

1 + zeq

)
(9.34)

a0η0 =
2

H0

√
ΩM

I(ΩM); I(ΩM) = 0.89 (9.35)

a0ηeq =
a0

aeq
(aeqηeq) =

a0

aeq
leqH (9.36)

� äî êàêèõ ðàçìåðîâ ñåé÷àñ ðàñòÿíóëñÿ ãîðèçîíò íà
ìîìåíò ïåðåõîäà ÐÄ→ÄÌ. È ò.ä.

a0ηeq = 120Ìïê (9.37)

a0ηr = 510Ìïê (9.38)
a0η0 = 14.1Ãïê = 46.0Ìëðä. ñâ. ëåò (9.39)



Êîñìîëîãè÷åñêèå âîçìóùåíèÿ

Äæèíñîâñêàÿ íåóñòîé÷èâîñòü

Íüþòîíîâñêàÿ ãðàâèòàöèÿ + êëàññè÷åñêàÿ ãèäðîäè-
íàìèêà íåðåëÿòèâèñòñòêîé èäåàëüíîé æèäêîñòè.

Ãðàâèòàöèîííûé ïîòåíöèàë:

∆ϕ = 4πGρ (9.40)

Óðàâíåíèå íåðàçðûâíîñòè:

∂ρ

∂t
+∇(ρv) = 0 (9.41)

Óðàâíåíèå Ýéëåðà äëÿ èäåàëüíîé æèäêîñòè:

ρ
dv

dt
= −ρ∇ϕ−∇p (9.42)

dv

dt
=
∂v

∂t
+
dxi
dt

∂v

∂xi
=
∂v

∂t
+ (v∇)v⇒ (9.43)

ρ
∂v

∂t
+ ρ(v∇)v = −ρ∇ϕ−∇p (9.44)

Íà÷àëüíûå óñëîâèÿ � áåñêîíå÷íàÿ îäíîðîäíàÿ ñòàòè-
÷åñêàÿ ñðåäà (¾âñåëåííàÿ Íüþòîíà¿):

ρ(x) = const, p(x) = const, v(x) = 0, ϕ(x) = 0
(9.45)

[Çàâåäîìî íåðåàëèñòè÷íî, ò.ê. ∆ϕ = 4πGρ 6= 0]

Èçó÷àåì ìàëûå âîçìóùåíèÿ.
Ëèíåàðèçîâàííûå óðàâíåíèÿ:
Èç (9.40):

∆(ϕ + δϕ) = 4πG(ρ + δρ)⇒ (9.46)

∆δϕ = 4πGδρ (9.47)

Èç (9.41):

∂

∂t
(ρ + δρ) +∇[(ρ + δρ)(v + δv)] =

=
∂ρ

∂t
+
∂δρ

∂t
+∇(ρv + δρv + ρδv + δρδv) =

=

[
∂ρ

∂t
+∇(ρv)

]
+
∂δρ

∂t
+∇(ρδv) =

∂δρ

∂t
+ ρ∇δv⇒

(9.48)

∂δρ

∂t
+ ρ∇δv = 0 (9.49)

Èç (9.44):

ρ(δv∇)δv ' 0− 2-é ïîðÿäîê ìàëîñòè (9.50)

∂δv

∂t
= −1

ρ
∇δp−∇δϕ (9.51)

Óðàâíåíèå ñîñòîÿíèÿ: p = p(ρ)

δp =
dp

dρ
δρ ≡ u2

sδρ (9.52)



Èç (9.49), ïîäñòàâëÿÿ ∂δv/∂t èç (9.51)

∂2δρ

∂t2
+ ρ∇∂δv

∂t
=

=
∂2δρ

∂t2
+ ρ∇

(
−1

ρ
∇δp−∇δϕ

)
=

∖
∇δp = ∇

(
∂p

∂ρ
δρ

)∖
=

=
∂2δρ

∂t2
+ ρ∇

(
−1

ρ
u2
s∇δρ

)
− 4πρGδρ =

=
∂2δρ

∂t2
− u2

s∆δρ− 4πGρδρ = 0 (9.53)

∂2δρ

∂t2
− u2

s∆δρ− 4πGρδρ = 0 (9.54)

[Åñëè G = 0, òî ïðîñòîå âîëíîâîå óðàâíåíèå]

Èùåì ðåøåíèÿ â âèäå ìàëûõ ëèíåéíûõ âîëí:

δρ(x, t) =

∫
d3q ei[qx−ω(q)t]δρ(q) =

∫
d3q eiqxδρ(q, t)

(9.55)
∂2δρ(x, t)

∂t2
=

∫
[−ω2(q)]d3qei[qx−ω(q)t]δρ(q)

∆δρ(x, t) =

∫
(−q2)d3qei[qx−ω(q)t]δρ(q)

(9.56)

Ïîäñòàâëÿåì â (9.54):∫
[−ω2(q)+u2

sq
2−4πGρ]ei(qx−ωt)δρ(q)d3q = 0 (9.57)

⇒ Çàêîí äèñïåðñèè

ω2(q) = ω2(q) = u2
sq

2 − 4πGρ (9.58)

Äæèíñîâñêèé ¾èìïóëüñ¿ (âîëíîâîå ÷èñëî) è äëèíà
âîëíû

ω2(q) = 0 ⇒ qJ =

√
4πGρ

u2
s

; λJ =
2π

qJ
(9.59)

λ < λJ ⇒ ω2(q) > 0, âîëíà (9.60)

λ > λJ ⇒ âîëíîâûõ ðåøåíèé íåò (9.61)

ω(q) = ±i
√

4πGρ− u2
sq

2 = ±Ωq, Ωq > 0 (9.62)

δρ(q, t) = δρ(q, 0)e±Ωqt (9.63)

Ýêñïîíåíöèàëüíî ðàñòóùåå è ýêñïîíåíöèàëüíî ïàäà-
þùåå ðåøåíèÿ �
ãðàâèòàöèîííàÿ íåóñòîé÷èâîñòü Äæèíñà.

Åñëè us = 0 (ïûëü) òî êîëåáàòåëüíûõ ðåøåíèé íåò
ñîâñåì.

Îäíîðîäíàÿ âñåëåííàÿ Íüþòîíà íåóñòîé÷èâà!
Ñòàöèîíàðíàÿ ìîäåëü Ýéíøòåéíà íåóñòîé÷èâà!

Ëèíåéíûé è íåëèíåéíûé ðåæèìû:

δ(q, t) ≡ δρ(q, t)

ρ
(9.64)

Åñëè δ(q, t) � 1 ðàáîòàåò ëèíåéíûé àíàëèç (ïðåä-
ñòàâëåíèå Ôóðüå).

Âðåìÿ âõîäà â íåëèíåéíûé ðåæèì îïðåäåëåÿåòñÿ
óñëîâèåì

δ(q, tnl) ∼ 1 (9.65)

Òåîðèÿ íåóñòîé÷èâîñòè Äæèíñà � ïðîîáðàç òåîðèè
êîñìîëîãè÷åñêèõ âîçìóùåíèé.



Âîçìóùåíèÿ (ïëîñêîé) ìåòðèêè è ôèêñàöèÿ
êàëèáðîâêè h0i = 0

Çàäà÷à: Ïóñòü íà êàêîé-òî ñòàäèè ýâîëþöèè Âñåëåí-
íîé (âîçìîæíî, âåñüìà ðàííåé) íî ïîñëå ãîðÿ÷åãî
Áîëüøîãî âçðûâà, íàä ôîíîì Ôðèäìàíîâñêîãî ïðî-
ñòðàíñòâà èìåþòñÿ ìàëûå âîçìóùåíèÿ âåùåñòâà (è,
ñëåäîâàòåëüíî, ìåòðèêè). ×òî ñ íèìè ñòàíåò ïî ìåðå
äàëüíåéøåé ýâîëþöèè Âñåëåííîé?

ds2 = a2(η)γµνdx
µdxν (9.66)

γµν = ηµν + hµν (9.67)

ηµν � Ìèíêîâñêèé, hµν � âîçìóùåíèå.
Ñîãëàøåíèå: Èíäåêñû âîçìóùåíèé áóäåì ïîäíè-
ìàòü/îïóñêàòü ìåòðèêîé Ìèíêîâñêîãî:

hµν = ηµρηνλhρλ è ò.ä. (9.68)

Åñëè γµν = ηµν + hµν, òî γ
µν = ηµν − hµν (F)

Òåîðèÿ èíâàðèàíòíà îòíîñèòåëüíî êàëèáðîâî÷íûõ
ïðåîáðàçîâàíèé � ïðîèçâîëüíûõ äèôôåîìîðôèçìîâ.
Ðàññìàòðèâàåì ïðîèçâîëüíûå èíôèíèòåçåìàëüíûå
ïðåîáðàçîâàíèÿ

x̃µ = xµ + ξµ(x), ξµ ∼ hαβ (9.69)

g̃µν = gµν +∇µξν +∇νξµ F (9.70)

Êàê ïðåîáðàçóþòñÿ hµν? Èñïîëüçóåì (9.70):

g̃µν =
1

a2
(ηµν − h̃µν) =

=
1

a2
(ηµν − hµν) + gµλ∇λξ

ν + gνλ∇λξ
µ (9.71)

h̃µν = hµν− (ηµλ−hµλ)∇λξ
ν− (ηνλ−hνλ)∇λξ

µ (9.72)

(ηµλ − hµλ)∇λξ
ν ' ηµλ∇λξ

ν = ηµλ(∂λξ
ν + Γνσλξ

σ) =

= ∂µξν + ηµλΓνσλξ
σ (9.73)

Γνσλ äîñòàòî÷íî ñ÷èòàòü â 0-ïîðÿäêå:

Γνσλ =
1

2
gνρ(∂σgλρ + ∂λgρσ − ∂ρgσλ) =

=
1

2

1

a2
ηνρ[∂σ(a2ηλρ) + ∂λ(a2ηρσ)− ∂ρ(a2ησλ)] =

=
1

a
(∂σa δ

ν
λ + ∂λa δ

ν
σ − ∂ρa ηνρησλ) (9.74)

ηµλΓνσλξ
σ =

1

a
(∂σa ξ

σηµν + ∂λa η
µλξν − ∂ρa ηνρξµ)

(9.75)

(ηµλ − hµλ)∇λξ
ν =

= ∂µξν +
1

a
(∂σa ξ

σηµν + ∂λaη
µλξν − ∂ρaηνρξµ) (9.76)

(ηνλ − hνλ)∇λξ
µ =

= ∂νξµ +
1

a
(∂σa ξ

σηνµ + ∂λaη
νλξµ − ∂ρaηµρξν) (9.77)

h̃µν = hµν − ∂µξν − ∂νξµ − 2ηµνξσ
∂σa

a
(9.78)

Òàê êàê ξµ åñòü 4 ïðîèçâîëüíûå ôóíêöèè, òî èõ âû-
áèðàåì òàê, ÷òîáû çàíóëèòü 3 âåëè÷èíû hi0 = 0, i =
1, 2, 3:

h̃0i = h0i − ∂0ξi − ∂iξ0 = 0 (9.79)



Îñòàåòñÿ åùå îñòàòî÷íàÿ èíâàðèàíòíîñòü äëÿ ïðåîá-
ðàçîâàíèé (òàê êàê îíè íå ìåíÿþò 0i-êîìïîíåíòû)

∂0ξi + ∂iξ0 = 0 (9.80)

Ãîäèòñÿ, â ÷àñòíîñòè

ξi = ξi(x), ξ0 = 0 (9.81)

Â êàëèáðîâêå hi0 = 0:

ds2 = a2(η)[(1 + h00)dη2 − (δik + hik)dx
idxk].

(9.82)
Ñîãëàøåíèå: äëÿ òðåõìåðíûõ èíäåêñîâ âîçìóùåíèé,
îíè îïóñêàþòñÿ òðåõìåðíîé ìåòðèêîé δij

vi = δijv
j = vi (9.83)

Äëÿ íàáëþäàòåëÿ, ïîêîÿùåãîñÿ â ñîïóòñòâóþùåé ñè-
ñòåìå, dxi = 0⇒

ds2 = dτ 2 = a2(η)(1 + h00)dη2 ⇒ (9.84)

dτ = a(η)(1 +
1

2
h00)dη (9.85)

Õîä èíäèâèäóàëüíîãî âðåìåíè îòëè÷àåòñÿ îò õîäà
êîñìîëîãè÷åñêîãî âðåìåíè ïðè íàëè÷èè âîçìóùåíèé
ìåòðèêè!

Âîçìóùåíèÿ òåíçîðà ýíåðãèè-èìïóëüñà

ÒÝÈ èäåàëüíîé æèäêîñòè:

T µν = (ρ + p)uµuν − δµνp (9.86)

Ñ âîçìóùåíèÿìè:

T µν = (ρ+ δρ+ p+ δp)(uµ + δuµ)(uν + δuν)− δµν (p+ δp)
(9.87)

Ñêîðîñòü â êîíòåêñòå êîñìîëîãè÷åñêèõ âîçìóùåíèé

Íåâîçìóùåííàÿ (êîîðäèíàòíàÿ: η, xi) ñêîðîñòü èìååò
òîëüêî 0-êîìïîíåíòó: uµ = (u0, 0, 0, 0)

gµνu
µuν = 1⇒ a2ηµνu

µuν = a2u0u0 = 1⇒

u0 =
1

a
; u0u

0 = 1⇒ u0 = a (9.88)

Ôèçè÷åñêèå ñêîðîñòè:

dXµ = adxµ ⇒ V µ =
dXµ

ds
= a

dxµ

ds
= auµ (9.89)

V 0 = au0 = 1; V i = aui = 0; (9.90)

Âîçìóùåííàÿ ñêîðîñòü:

V̂ 0 = V 0 + v0 = 1 + v0 (9.91)

V̂ i = V i + vi = vi − ôèçè÷åñêàÿ ñêîðîñòü (9.92)

v0 è vi � âåëè÷èíû ïåðâîãî ïîðÿäêà ìàëîñòè.

V̂ µ = aûµ ⇒ ûµ =
1

a
V̂ µ (9.93)

û0 ≡ u0 + δu0 =
1

a
(1 + v0) (9.94)

ûi ≡ ui + δui ≡ δui =
1

a
vi (9.95)



Òîãäà v0 æåñòêî ñâÿçàíà ñ âîìóùåíèåì ìåòðèêè:

1 = gµνû
µûν = a2[(η00 + h00)û0û0 − (δij + hij)û

iûj] =

= a2(1 + h00)
1

a2
(1 + v0)2 − (δij + hij)δu

iδuj ∼=
∼= (1 + h00)(1 + v0)2 ∼= 1 + h00 + 2v0 ⇒ (9.96)

v0 = −1

2
h00 (9.97)

Â ëèíåéíîì ïîðÿäêå ýòî åñòü ãðàâèòàöèîííîå çàìåä-
ëåíèå âðåìåíè. Äàæå åñëè vi = 0 âðåìÿ çàìåäëÿåòñÿ.

vi ìîãóò áûòü ëþáûìè (ìàëûìè) (9.98)

Íàéäåì uµ è δuµ (ñ íèæíèìè èíäåêñàìè):

ûµû
µ = (u0 + δu0)(u0 + δu0) + δuiδu

i ∼=
∼= (u0 + δu0)(u0 + δu0) = 1⇒ (9.99)

u0 + δu0 =
1

u0 + δu0
= a(1− v0) (9.100)

δui = giµδu
µ ∼= a2ηiµδu

µ = −a2δui = −a2 1

a
vi = −avi

(9.101)

u0 + δu0 = a(1− v0) (9.102)

δui = −avi (9.103)

Êîìïîíåíòû ÒÝÈ

Èç (9.87)

T µν = (ρ+δρ+p+δp)(uµ+δuµ)(uν+δuν)−δµν (p+δp)⇒
(9.104)

T 0
0 = (ρ+δρ+p+δp)

1

a
(1+v0)a(1−v0)−δ0

0(p+δp) ∼=
∼= ρ + δρ ⇒ (9.105)

δT 0
0 = δρ (9.106)

T 0
i = (ρ+ δρ+ p+ δp)

1

a
(1 + v0)(−avi)− δ0

i (p+ δp) ∼=
∼= (ρ + p + δρ + δp)(−vi) ∼= −(ρ + p)vi ⇒ (9.107)

δT 0
i = −(ρ + p)vi (9.108)

T ij = (ρ + δρ + p + δp)
1

a
vi(−avj)− δij(p + δp) ∼=
∼= −δijp− δijδp⇒ (9.109)

δT ij = −δijδp (9.110)

Ïîòðåáóþòñÿ, êîãäà áóäåì âûïèñûâàòü ëèíåàðèçî-
âàííûå óðàâíåíèÿ äëÿ âîçìóùåíèé.



Ðàçëîæåíèå âîçìóùåíèé ïî ñïèðàëüíîñòÿì:
ñêàëÿðíûå, âåêòîðíûå, òåíçîðíûå ìîäû

Òàê êàê âñå óðàâíåíèÿ ïèøóòñÿ â ëèíåéíîì ïîðÿäêå
ïî âîçìóùåíèÿì, òî ðàçíûå êîìïîíåíòû Ôóðüå ìîæ-
íî èçó÷àòü îòäåëüíî:

hµν(η,x) =

∫
d3k eikxhµν(η,k) (9.111)

è ò.ä. äëÿ δρ, δp, vi. Äèôôåðåíöèðîâàíèå è óìíîæå-
íèå íà ik äëÿ êîìïîíåíò Ôóðüå âçàèìîçàìåíÿåìû:

∂i ↔ iki (9.112)

Äëÿ ôèêñèðîâàííîé ìîäû k ïðîñòðàíñòâî è eikx èí-
âàðèàíòíû îòíîñèòåëüíî âðàùåíèé âîêðóã âåêòîðà k
� ¾ìàëàÿ ãðóïïà SO(2)¿, íî òåíçîðíûå êîìïîíåíòû
hik, vi, δρ (âîîáùå ãîâîðÿ) íå èíâàðèàíòíû,
ïðåîáðàçóþòñÿ äðóã ÷åðåç äðóãà ⇒
ìîäû ñ îïðåäåëåííîé ñïèðàëüíîñòüþ (3 òèïà).

1. Ñêàëÿðíûå ìîäû (ñïèðàëüíîñòü 0)

Îáúåêò ïðè âðàùåíèÿõ ìàëîé ãðóïïû SO(2) íå ïðå-
îáðàçóåòñÿ.
Òèïû ñêàëÿðíûõ ìîä (4 øòóêè)

� 3-ñêàëÿð (δρ, δp, . . . )

� Âåêòîð, ||k
� Òåíçîð, ∝ kikj (ò.ê. ki, kj íå ìåíÿþòñÿ)

� Òåíçîð, ∝ δi,j

2. Âåêòîðíûå ìîäû (ñïèðàëüíîñòü 1)

Ïðåîáðàçóþòñÿ êàê âåêòîð, îðòîãîíàëüíûé k

  

e(1)

e(2) e(2)'

e(1)'



e(1), e(2),k � ïðàâàÿ òðîéêà.
Ïîâîðîò ïî ×.Ñ. íà α

e(1)′ = e(1) cosα− e(2) sinα

e(2)′ = e(1) sinα + e(2) cosα (9.113)

e± = e(1) ± ie(2) (9.114)

e(+)′(α) = e(1)′(α) + ie(2)′(α) = eiαe(+) (9.115)

L̂αe
(+)′(α) = −i ∂

∂α
(eiαe(+)) = +1e(+)′(α) (9.116)

� ñïèðàëüíîñòü +1

L̂αe
(−)′(α) = −1e(−)′(α) (9.117)

� ñïèðàëüíîñòü −1



Ïîèçâîëüíûé ïîïåðå÷íûé âåêòîð ÿâëÿåòñÿ ñìåñüþ
ñïèðàëüíîñòåé −1 è +1:

S = a1 e
(1) + a2 e

(2) = α− e
(−) + α+ e(+) (9.118)

Åäèíè÷íóþ ñïèðàëüíîñòü èìåþò (2 òèïà)

� Ïîïåðå÷íûå âåêòîðû

� Òåíçîðû ñî ñòðóêòóðîé kiW
T
j , ãäåW

T
j � ïîïåðå÷-

íûé âåêòîð, òî åñòü kiW
T
i = 0

(ñêàëÿðíûå ìîäû èìåþò ñïèðàëüíîñòü 0,
ò.ê. îíè íå çàâèñÿò îò ïîâîðîòà α)

3. Òåíçîðíûå ìîäû (ñïèðàëüíîñòü 2),
âñåãî 1 òèï

Ðàññìîòðèì ñèììåòðè÷íûå, áåññëåäîâûå, ïîïåðå÷-
íûå 3-ìåðíûå òåíçîðû:

� hij = hji � 3 óñëîâèÿ

� hii = 0 � 1 óñëîâèå

� kihij = 0 � ïîïåðå÷íîñòü, 3 óñëîâèÿ

9 ïàðàìåòðîâ, 7 óñëîâèé, 2 � ñâîáîäíûå ⇒
Ðàçìåðíîñòü = 2
Èç e(1), e(2) ïîñòðîèì äâà òåíçîðà:

e
(+)
ij =

1√
2

(e
(1)
i e

(1)
j − e

(2)
i e

(2)
j ) (9.119)

e
(×)
ij =

1√
2

(e
(1)
i e

(2)
j + e

(2)
i e

(1)
j ) (9.120)

� ëèíåéíî íåçàâèñèìû, ñèììåòðè÷íû, áåññëåäîâû,
ïîïåðå÷íû ïî îïðåäåëåíèþ.

e
(±2)
ij = e

(+)
ij ± ie

(×)
ij (9.121)

Ýëåìåíòàðíî ïðîâåðÿåòñÿ:

e
(+2)′

ij (α) = e+2iαe
(+2)′

ij ⇒ L̂αe
(+2)′

ij (α) = +2e
(+2)′

ij

(9.122)

e
(−2)′

ij (α) = e−2iαe
(−2)′

ij ⇒ L̂αe
(−2)′

ij (α) = −2e
(−2)′

ij

(9.123)
� îáúåêòû ñî ñïèðàëüíîñòüþ ±2.

• 4 òèïà ñêàëÿðîâ (ñïèðàëüíîñòü 0), 2 òèïà âåêòîðîâ
(ñïèðàëüíîñòü 1), 1 òèï òåçîðîâ (ñïèðàëüíîñòü 2) äî-
ñòàòî÷íî äëÿ ðàçëîæåíèÿ ïî íèì âñåõ âåëè÷èí, íóæ-
íûõ äëÿ òåîðèè êîñìîëîãè÷åñêèõ âîçìóùåíèé (ñëå-
äåäóþùàÿ ëåêöèÿ).

• Äèôôåðåíöèðîâàíèå êîìïîíåíò Ôóðüå ïî xj ýê-
âèâàëåíòíî óìíîæåíèþ íà ikj, kj íå ìåíÿåòñÿ ïðè
âðàùåíèÿõ îòíîñèòåëüíî k, ïîýòîìó äèôôåðåíöèðî-
âàíèå íå ìåíÿåò ñïèðàëüíîñòè ⇒

Ëèíåàðèçîâàííûå (è ïîòîìó ëèíåéíûå) óðàâíå-
íèÿ äëÿ âîçìóùåíèé ðàçáèâàþòñÿ íà íåçàâèñè-
ìûå êîìïîíåíòû äëÿ ìîä ðàçíîé ñïèðàëüíîñòè.

Ìîäû ðàçíîé ñïèðàëüíîñòè ýâîëþöèîíèðóþò ñóùå-
ñòâåííî ïî-ðàçíîìó!


