
Ëåêöèÿ 11

Ñêàëÿðíûå ìîäû íåðåëÿòèâèñòêîé ìàòåðèè â îäíîêîìïîíåíòíîé
ìîäåëè (îêîí÷àíèå). Íà÷àëüíûå óñëîâèÿ çà ãîðèçîíòîì äëÿ
àäèàáàòè÷åñêîé ìîäû. Ãàóññîâû ñëó÷àéíûå ïîëÿ è íà÷àëüíûå
óñëîâèÿ äëÿ àäèàáàòè÷åñêèõ âîçìóùåíèé. Êîñìè÷åñêàÿ
íåîïðåäåëåííîñòü � cosmic variance

130



Ðåçþìå ïî ïðîøëîé ëåêöèè

• Âåêòîðíûõ ìîä íåò âîîáùå.

• Ëþáûå äðóãèå ìîäû çà ãîðèçîíòîì � òîëüêî êîí-
ñòàíòíûå (h,Φ, δ).

• Òåíçîðíûå ìîäû ïîä ãîðèçîíòîì � ãðàâèòàöèîí-
íûå âîëíû � îñöèëëèðóþò ñ èçâåñòíîé ôàçîé è
ïàäàþò âî âðåìåíè êàê 1/a

• Ñêàëÿðíûå ìîäû ïîä ãîðèçîíòîì, îäíîêîìïî-
íåíòíàÿ ñðåäà:

� ÓÐ âåùåñòâî:

∗ Φ ïàäàþò êàê 1/η2, îñöèëëèðóÿ ñ èçâåñò-
íîé ôàçîé
∗ δ = δρ/ρ îñöèëëèðóåò ñ ïîñòîÿííîé àì-
ïëèòóäîé è èçâåñòíîé ôàçîé (àêóñòè÷å-
ñêèå îñöèëëÿöèè)

� ÍÐ âåùåñòâî

∗ Φ íå ìåíÿþòñÿ
∗ δ = δρ/ρ ðàñò¼ò êàê a/a× � äæèíñîâñêàÿ
íåóñòîé÷èâîñòü

Êàêèå (ñêàëÿðíûå) ìîäû ïëîòíîñòè ïðèâåëè ê îáðà-
çîâàíèþ íàáëþäàåìûõ ñòðóêòóð?

Ðàññìîòðèì âñå ìîäû, âîøåäøèå ïîä ãîðèçîíò íà
ÌÄ-ñòàäèè.
Ñàìàÿ êîðîòêàÿ ñðåäè íèõ � âîøåäøàÿ ïîä ãîðèçîíò
â ìîìåíò ηeq
Êîîðäèíàòíûé èìïóëüñ (âîëíîâîå ÷èñëî) ìîäû îïðå-
äåëÿåòñÿ

keqηeq ∼ 1 (11.1)

Äëèíà âîëíû ñåé÷àñ:

1 ∼ keq
a0

(a0ηeq) = qeq(a0ηeq) =
2π

λeq
(a0ηeq)⇒ (11.2)

λeq ∼ 2π(a0ηeq) = 2π × 120Ìïê ≈ 750Ìïê (11.3)

δ =
1

3

a0

a×
δ(i) =

1

3
(1 + zeq)δ(i) (11.4)

δ(i) ≈ 4.5 · 10−5, zeq ≈ 3000⇒ δ ∼ 0.045 (11.5)

Ìîäû, âîøåäøèå ïîä ãîðèçîíò íà ÌÄ-ñòàäèè íå âî-
øëè â íåëèíåéíûé ðåæèì ⇒
Âcåëåííàÿ íà ìàñøòàáàõ 750Ìïê è áîëåå � çàâåäîìî
îäíîðîäíà.

Ñóùåñòâóþùèå ñòðóêòóðû îïðåäåëÿþòñÿ ìîäàìè,
âîøåäøèìè ïîä ãîðèçîíò ðàíüøå � íà ÐÄ-ñòàòäèè.



Ñêîðîñòè, íåðåëÿòèâèñòñêèå ñêàëÿðíûå ìîäû çà è
ïîä ãîðèçîíòîì

0i-êîìïîíåíòà ëèíåàðèçîâàííûõ óðàâíåíèé Ýéíøòå-
íà äëÿ ñêàëÿðíîé ìîäû (10.136):

Φ′ +
a′

a
Φ = −4πGa2(ρ + p)v (11.6)

Φ′ = 0, p = 0⇒

v = −a
′

a
Φ

1

4πGa2

1

ρ
=

∖
H =

a′

a2
, a = const η2

∖
=

=

∖
8π

3
Gρ = H2 =

(
2

aη

)2

,
a′

a
=

2

η

∖
=

= −1

3
Φη (11.7)

kv = −Φ

3
kη ∝

√
a (11.8)

Íåðåëÿòèâèñòñêîå âåùåñòâî
íà Λ-äîìèíèðîâàííîé ñòàäèè,
ëèíåéíûå âîçìóùåíèÿ

(9.10) : a(η) = − 1

HdSη
, H2

dS =
8π

3
GρΛ (11.9)

Λ ñîçäàåò äàâëåíèå, íî íå ñîçäàåò âîçìóùåíèÿ äàâ-
ëåíèÿ!

Ïîòåíöèàë Φ.
ij-êîìïîíåíòà ëèíåàðèçîâàííûõ óðàâíåíèé Ýéíøòå-
íà äëÿ ñêàëÿðíîé ìîäû (10.137):

Φ′′ + 3
a′

a
Φ′ +

(
2
a′′

a
− a′2

a2

)
Φ = 4πGa2δptot (11.10)

δptot = 0. Ïîäñòàâëÿåì (11.9):

Φ′′ − 3

η
Φ′ +

3

η2
Φ = 0 (11.11)

Äâà òèïà ðåøåíèé:

Φ(η) = const · η ∝ 1

a
(11.12)

Φ(η) = const · η3 ∝ 1

a3
(11.13)

Ïàäàåò!



Ïëîòíîñòü

Êîâàðèàíòíîå ñîõðàíåíèå (10.138):

k2Φ + 3
a′

a
Φ′ + 3

a′2

a2
Φ = −4πGa2δρ (11.14)

Ïîäñòàâëÿåì (11.12), ïðåíåáðåãàåì (11.13),
èñïîëüçóåì a′/a = −1/η
(äâà ïîñëåäíèõ ñëàãàåìûõ ñëåâà â (11.14) ñîêðàùà-
þòñÿ)

k2Φ = −4πGa2δρ⇒ δρ = − k2Φ

4πGa2
(11.15)

δρ

ρ
∝ Φ

a2
· a3 ∝ 1

a3
× a3 = 1 (íå ðàñòóò) (11.16)

Ñòðóêòóðû áîëüøåãî ìàñøòàáà, ÷åì íàáëþäàþòñÿ
ñåé÷àñ, íå ïîÿâÿòñÿ íèêîãäà!

Ñòðóêòóðíàÿ ýâîëþöèÿ Âñåëåííîé çàâåðøåíà.

Ïåðâè÷íûå ñêàëÿðíûå âîçìóùåíèÿ â ìíîãî-
êîìïîíåíòíîé Âñåëåííîé

Îñíîâíûå óðàâåíèÿ äëÿ âîçìóùåíèé â èìïóëüñíîì
ïðåäñòàâëåíèè

Ëèíåàðèçîâàííûå óðàâíåíèÿ Ýéíøòåéíà (10.60)�
(10.62), ïåðåïèñàíû ñ ó÷åòîì íåñêîëüêèõ êîìïîíåíò
ìàòåðèè λ :

k2Φ + 3
a′

a
Φ′ + 3

a′2

a2
Φ = −4πGa2

∑
λ

δρλ (11.17)

Φ′ +
a′

a
Φ = −4πGa2

∑
λ

(ρλ + pλ)vλ (11.18)

Φ′′+ 3
a′

a
Φ′+

(
2
a′′

a
− a′2

a

)
Φ = 4πGa2

∑
λ

δpλ (11.19)

Ëèíåàðèçîâàííûé çàêîí ñîõðàíåíèÿ ÒÝÈ:

δρ′λ+3
a′

a
(δρλ+δpλ)−(ρλ+pλ)(k2vλ+3Φ′) = 0 (11.20)

[(ρλ+pλ)]′+4
a′

a
(ρλ+pλ)vλ+δpλ+(ρλ+pλ)Φ = 0 (11.21)

Îñíîâíûå êîìïîíåíòû ñðåäû äî ðåêîìáèíàöèè:
• Áàðèîí-ýëåêòðîí-ôîòîííàÿ ñðåäà λ = Bγ
• Òåìíàÿ ìàòåðèÿ: λ = CDM .
• Íåéòðèíî (ëåïòîíû): λ = L

Îáîçíà÷åíèÿ è ñâÿçè:

δλ = δρλ/ρλ (11.22)

δpλ = u2
s,λδρλ (11.23)

pλ = wλρλ (11.24)



Óðàâíåíèÿ (11.20) è (11.21) â òåðìèíàõ δλ, wλ, u
2
s,λF:

δ′λ + 3
a′

a
(u2

s,λ − wλ)δλ − (1 + wλ)k2vλ = 3(1 + wλ)Φ′

(11.25)

[(1+wλ)vλ]′+
a′

a
(1−3wλ)(1+wλ)vλ+u2

s,λδλ = −(1+wλ)Φ

(11.26)

Àäèàáàòè÷åñêàÿ ìîäà è ìîäà ïîñòîÿííîé êðè-
âèçíû

Êîíòåêñò:

• Èíòåðåñ ïðåäñòàâëÿþò ìîäû, îòâå÷àþùèå çà
àíèçîòðîïèþ CMB è çà ðîñò ñòðóêòóð âåùåñòâà.

• Òàêèå ìîäû âõîäÿò ïîä ãîðèçîíò ïðè òåìïåðàòó-
ðàõ íå áîëåå T ∼ 100 êýÂ (Teq ∼ 1 ýÂ):

� áàðèîíû è ýëåêòðîíû íåðåëÿòèâèñòñòêèå

� CDM íåðåëÿòèâèñòñêàÿ

� íåéòðèíî (∼ 1ÌýÂ) è CDM (> 0.05ÃýÂ) çà-
ìîðîæåíû, íå âçàèìîäåéñòâóþò ñ áàðèîí-
ýëåêòðîí-ôîòîííîé ïëàçìîé

Îñíîâíûå ïàðàìåòðû êîñìè÷åñêîé ïëàçìû:
• nB, nCDM , nL
• T (èëè s ∝ T 3)

• Âîîáùå ãîâîðÿ, èìåþò ìåñòî âîçìóùåíèÿ òåìïåðà-
òóðû, ïëîòíîñòè è ñîñòàâà ñðåäû âìåñòå.
• Åñëè âîçìóùåíèÿ ìàëû (ëèíåéíûé ðåæèì), òî
ìîæíî ðàçäåëèòü íà äâå ëèíåéíî-íåçàâèñìûå êîìïî-
íåíòû:
- Âîçìóùåíèÿ ïëîòíîñòè (òåìïåðàòóðû) � îòäåëüíî;
- Âîçìóùåíèÿ ñîñòàâà � îòäåëüíî.

Âîçìóùåíèÿ ïëîòíîñòè � àäèàáàòè÷åñêàÿ ìîäà

Âåùåñòâî èìååò íåíóëåâûå âîçìóùåíèÿ ïëîòíîñòè
ýíåðãèè (òåìïåðàòóðû), íî îòíîñèòåëüíûå âåëè÷è-
íû, õàðàêòåðèçóþùèå áàðèîííóþ àñèììåòðèþ, ïëîò-
íîñòü òåìíîé ìàòåðèè è ïëîòíîñòü ëåïòîíîâ íå çàâè-
ñÿò îò òèïà ìàòåðèè:

δ
(nB
s

)
= δ

(nCDM
s

)
= δ

(nL
s

)
= 0 (11.27)

Âîçìóùåíèÿ ñîñòàâà � ìîäû ïîñòîÿííîé êðèâèçíû

Âîçìóùåíèÿ ïëîòíîñòè âåùåñòâà îòñóòñâóþò, íî:
• Íåîäíîðîäíîñòü áàðèîííîãî ÷èñëà → áàðèîííàÿ
ìîäà ïîñòîÿííîé êðèâèçíû
• Íåîäíîðîäíîñòü ïëîòíîñòè òåìíîé ìàòåðèè →
CDM-ìîäà ïîñòîÿííîé êðèâèçíû
• Íåîäíîðîäíîñòü ëåïòîííîãî ÷èñëà → ëåïòîííàÿ
ìîäà ïîñòîÿííîé êðèâèçíû

Êðèâèçíà ïîñòîÿííà ïîòîìó, ÷òî èçìåíåíèÿ êîíöåí-
òðàöèé ðàññìàòðèâàþòñÿ íà ôîíå ïîñòîÿííîé ïîëíîé
ïëîòíîñòè ýíåðãèè.



Íàáëþäåíèÿ ïîêàçûâàþò: âêëàä ìîä ïîñòîÿííîé
êðèâèçíû ìàë.

Àäèàáàòè÷åñêàÿ ìîäà çà ãîðèçîíòîì.
Íà÷àëüíûå óñëîâèÿ äëÿ àäèàáàòè÷åñêîé ìîäû
� ÷òî ýòî òàêîå?

Çà ãîðèçîíòîì âîçìóùåíèÿ ñóùåñòâóþò â âèäå êîí-
ñòàíòíûõ ìîä Φ = Φ(i) = const, δρ/ρ = const è
îáùàÿ ïðîñòðàíñòâåííî-âðåìåííàÿ êàðòèíà, ñîîòâåò-
ñòâóþùàÿ îäíîé àäèàáàòè÷åñêîé êîíñòàíòíîé ìîäå,
íà ýâðèñòè÷åñêîì óðîâíå ñîîòâåòñòâóåò íàáîðó íåçà-
âèñèìûõ îäíîðîäíûõ âñåëåííûõ íåñêîëüêî ðàçëè÷à-
þùèõñÿ ïî âðåìåíè ýâîëþöèè è ïîòîìó èìåþùèõ
ðàçíóþ òåìïåðàòóðó, èëè íà÷àâøèõ ðàçâèâàòüñÿ â
ðàçíîå âðåìÿ.

Òîãäà äëÿ àäèàáàòè÷åñêîé ìîäû äëÿ êàæäîé íåçàâè-
ñèìîé êîìïîíåíòû ñðåäû ìîæíî çàïèñàòü:

δρλ = ρ′λδη(x, η) ≡ ρ′λε(x, η) (11.28)

δpλ = p′λδη(x, η) ≡ p′λε(x, η) (11.29)

Ôóíêöèÿ ε(x, η) � îäíà äëÿ âñåõ êîìïîíåíò λ, òàê
êàê ìîäû àäèàáàòè÷åñêèå.

Â òî æå âðåìÿ, ïðè ôèêñèðîâàííîì ñîñòàâå ñðåäû, ρ
è p îäíîçíà÷íî çàâèñÿò îò òåìïåðàòóðû ⇒:

δρλ =
∂ρλ
∂T

δT (x, η) (11.30)

δpλ =
∂pλ
∂T

δT (x, η) (11.31)

Íî:

δT (x, η) =
∂T

∂η
δη ≡ ∂T

∂η
ε(x, η) (11.32)

ε(x, η) è δT (x, η) îäíîçíà÷íî ñâÿçàíû, ïîýòîìó îïðå-
äåëåíåíèÿ (11.30,11.31) è (11.28,11.29) ýêâèâàëåíòíû.

Ôîðìóëû (11.30,11.31) ìîæíî ñ÷èòàòü îïðåäåëåíèåì
àäèàáàòè÷åñêîé ìîäû.

Ñîâìåñòèìî ëè îïðåäåëåíèå (11.30,11.31) èëè
(11.28,11.29) ñ óðàâíåíèÿìè (11.17)�(11.21)?

Ïîêàæåì, ÷òî Φ (à ñëåäîâàòåëüíî è âñå îñòàëüíîå)
äåéñòâèòåëüíî âûðàæàåòñÿ òîëüêî ÷åðåç ε � ïðè òîì,
÷òî óðàâíåíèÿ çàïèñàíû äëÿ îòäåëüíûõ êîìïîíåíò λ.

Èñïîëüçóåì (11.20) �
ñîõðàíåíèå ÒÝÈ, çàâèñÿùåå îò λ:

(11.20): δρ′λ+3
a′

a
(δρλ+δpλ)− (ρλ+pλ)(k2vλ+3Φ′) = 0

(11.33)
Çà ãîðèçîíòîì ìîæíî ñ÷èòàòü k = 0, îñòàåòñÿ:

δρ′λ + 3
a′

a
(δρλ + δpλ)− (ρλ + pλ)3Φ′ =

=

∖
δρλ = ρ′λε; ρ

′
λ = −3

a′

a
(ρλ + pλ) êîâ. ñîõð. (9.7)

∖
= −3(ρλ + pλ)

[(
a′

a
ε

)′
+ Φ′

]
= 0⇒ (11.34)

Φ′ = −
(
a′

a
ε

)′
(11.35)

� Çàâèñèìîñòè îò λ íåò!



Ðåøåíèå (11.35):

Φk(x, η) = −a
′

a
ε(x, η)− ζ(x,k) (11.36)

ζ(x,k) âàæíà, ò.ê., â äåéñòâèòåëüíîñòè, è îïðåäåëÿåò
êîíñòàíòíóþ ìîäó çà ãîðèçîíòîì.

Èç êîâàðèàíòíîãî ñîõðàíåíèÿ (9.7)

ρ′λ = −3
a′

a
(ρλ + pλ)⇒ (11.37)

a′

a
= −1

3

ρ′λ
(ρλ + pλ)

=

∖
ρ′λ =

δρλ
ε

∖
=

= −1

3

δρλ
ε(ρλ + pλ)

⇒ (11.38)

ε â (11.36) ñîêðàùàåòñÿ! ⇒

ζ = −Φ +
1

3

δρλ
ρλ + pλ

= −Φ +
1

3

δρtot
ρtot + ptot

(11.39)

� òàê êàê ìîäà àäèàáàòè÷åñêàÿ

ζ = −Φ +
1

3

δρtot
ρtot + ptot

(11.40)

� íå çàâèñèò îò âðåìåíè, â òî âðåìÿ, êàê ñëàãàåìûå
â ï.÷. ìîãóò çàâèñåòü îò âðåìåíè!

Âìåñòî ζ ìîæíî èñïîëüçîâàòü (è ÷àñòî èñïîëüçóåòñÿ)
âåëè÷èíó

R = −Φ +
a′

a
vtot; vtot ≡

∑
λ(ρλ + pλ)vλ∑
λ(ρλ + pλ)

(11.41)

Èç (11.17), (11.18) è

δρλ
ρλ + pλ

=
δρtot

ρtot + ptot
(àäèàáàòè÷íîñòü) (11.42)

ñëåäóåò F

ζ −R = − k2Φ

12πGa2(ρ + p)tot
→ 0 â ïðåäåëå k → 0

(11.43)
Çà ãîðèçîíòîì ζ è R � îäíî è òî æå.

Â êà÷åñòâå íà÷àëüíîãî óñëîâèÿ äëÿ àäèàáàòè÷å-
ñêèõ ñêàëÿðíûõ ìîä ìîæíî âçÿòü
ζ(i)(k) èëè R(i)(k)

Íà÷àëüíûå óñëîâèÿ äëÿ ÓÐ âåùåñòâà çà ãîðèçîíòîì
íà ÐÄ-ñòàäèè

δrad = −2Φ (äëÿ ëþáûõ ñêàëÿðíûõ ìîä (10.151))
(11.44)

Íà ÐÄ-ñòàäèè, äëÿ ãëàâíûõ ÓÐ ìîä çà ãîðèçîíòîì
(ïîñêîëüêó ÓÐ ìîäû äîìèíèðóþò) ptot = ρtot/3⇒

ζ = −Φ+
δρtot

3(ρtot + ptot)
= −Φ+

1

4
δ = −3

2
Φ⇒ (11.45)

Φ = −2

3
ζ = −2

3
R; δrad =

4

3
R (11.46)



Íà÷àëüíûå óñëîâèÿ äëÿ ÍÐ âåùåñòâà çà ãîðèçîíòîì
íà ÐÄ-ñòàäèè

Íà ÐÄ ñòàäèè, íå ñëèøêîì çàäîëãî äî ÐÄ→ÌÄ ïåðå-
õîäà èìååòñÿ íåðåëÿòèâèñòñêîå âåùåñòâî � B è CDM.
Äëÿ ÍÐ âåùåñòâà

ρM ∝ 1/a3 ⇒ ρ′M = −3ρM
a′

a
(11.47)

Äëÿ ÓÐ âåùåñòâà

ρrad ∝ 1/a4 ⇒ ρ′rad = −4ρrad
a′

a
(11.48)

Îòñþäà

δM =
δρM
ρM

=
ρ′Mε

ρM
= −3

a′

a
ε (11.49)

δrad =
δρrad
ρrad

=
ρ′radε

ρrad
= −4

a′

a
ε (11.50)

δM =
3

4
δrad = −3

2
Φ = R (11.51)

Ýòè ñîîòíîøåíèÿ âûïîëíÿþòñÿ äëÿ êàæäîé êîìïî-
íåíòû â îòäåëüíîñòè: B, CDM, γ. . .

Èòîã:

Φ(k) = −2

3
ζ(k) = −2

3
R(k) (11.52)

δrad(k) =
4

3
R(k) (11.53)

δM(k) = R(k) (11.54)

Íà÷àëüíûå óñëîâèÿ äëÿ ìîä ïîñòîÿííîé êðè-
âèçíû

Äëÿ ìîä ïîñòîÿííîé êðèâèçíû ζtot = Rtot ≡ 0 ïî
îïðåäåëåíèþ.

Äëÿ êàæäîé îòäåëüíîé êîìïîíåíòû λ:

ζλ = −Φ +
δρλ

3(ρλ + pλ)
= −Φ +

δλ
3(1 + wλ)

(11.55)

íå çàâèñèò îò âðåìåíè (ñì. (11.39)).

Íà÷àëüíûå óñëîâèÿ äëÿ ìîä ïîñòîÿííîé êðèâèçíû
âûðàæàþòñÿ ÷åðåç ζλ:

Sλ,λ′ = 3(ζλ − ζλ′) =
δλ

1 + wλ
− δλ′

1 + wλ′
(11.56)

Îáû÷íî λ′ = γ; Sλ ≡ Sλ,γ ⇒ wλ′ = 1/3

Sλ = δλ −
3

4
δγ, λ = B, CDM (11.57)

Äëÿ ÓÐ ìàòåðèè (γ)

sγ = gγ
4π2

90
T 3 (11.58)

nγ = gγ
ζ(3)

π2
T 3 (11.59)

ργ = gγ
π2

30
T 4 (11.60)



δsγ
sγ

= 3
δT

T
(11.61)

δnγ
nγ

= 3
δT

T
(11.62)

δργ
ργ

= δγ = 4
δT

T
(11.63)

(11.64)

δsγ
sγ

=
δnγ
nγ

=
3

4
δγ (11.65)

Ðåàëüíûé èíòåðåñ ïðåäñòàâëÿþò:

δ(nλ/sγ)

nλ/sγ
=
δnλ
nλ
− δsγ

sγ
=
δnλ
nλ
− 3

4
δγ =

= \λ− ÍÐ\ =
δρλ
ρλ
− 3

4
δγ = δλ −

3

4
δγ = Sλ ⇒

(11.66)

Sλ =
δ(nλ/s)

nλ/s
− ¾Ýíòðîïèéíûå ìîäû¿ (11.67)

Ãàóññîâû ñëó÷àéíûå ïîëÿ

Ðàñïðåäåëåíèå Ãàóññà

F (q) =
1√

2πσ2
exp

[
−(q − q0)2

2σ2

]
(11.68)

q0 � ñðåäíåå, σ
2 � äèñïåðñèÿ.

q̃ = aq + b (11.69)

� ñíîâà Ãàóññ, q̃0 = aq + b, σ̃ = aσ.

Äëÿ îïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû íóæåí àí-
ñàáëü ñîáûòèé (ñèñòåì).

Îáîáùåíèå íà ìíîãîìåðíûé ñëó÷àé
Ãàóññîâ íàáîð ñëó÷àéíûõ âåëè÷èí

F (q1, . . . , qN) = N exp

[
−1

2
qmMmnqn + Lnqn

]
(11.70)

M � ïîëîæèòåëüíî îïðåäåëåííàÿ ñèììåòðè÷íàÿ ìàò-
ðèöà∫

F (q)dnq = 1; N = (detM)−1/2(2π)−N/2 (11.71)

〈qm〉 = (M−1)mnLn (11.72)



q1

q2

Åñëè ïðèâåñòè Mmn ê
ãëàâíûì îñÿì, òî ïîëó-
÷èòñÿ ïðîñòî ïðîèçâåäå-
íèå îäíîìåðíûõ Ãàóññî-
âûõ ôóíêöèé

Íàáîð ëèíåéíûõ ôóíêöèé îò ãàóññîâûõ ñëó÷àéíûõ
âåëè÷èí � òîæå íàáîð ãàóññîâûõ ñëó÷àéíûõ âåëè÷èí.

Ðàññìàòðèâàåì ñëó÷àé Ln = 0⇒ 〈qm〉 = 0

Ôîðìóëà Âèêà

Åñëè qn � ãàóññîâ íàáîð ñëó÷àéíûõ âåëè÷èí, òî êîð-
ðåëÿòîðû íå÷åòíîãî ÷èñëà âåëè÷èí ðàâíû íóëþ, à
äëÿ ÷åòíîãî ÷èñëà âåëè÷èí

〈qpqrqsqt〉 = DprDst + DpsDrt + DptDrs; è ò.ä.
(11.73)

ãäå Dpr = 〈qpqr〉 è ò.ä. È îáðàòíî.

Ñìûñë óñðåäíåíèÿ � óñðåäíåíèå ïî àíñàìáëþ

Ñëó÷àéíîå ïîëå

Êóáè÷åñêàÿ ðåøåòêà ñî ñòîðîíîé L, øàã a.
ϕi = ϕ(xi) � ãàóññîâ íàáîð ñëó÷àéíûõ âåëè÷èí ⇒
ñëó÷àéíîå ïîëå íà ðåøåòêå.

• Ãàóññîâî ñëó÷àéíîå ïîëå: ïðåäåë a→ 0

Ôîðìóëà Âèêà äëÿ ãàóññîâûõ ñëó÷àéíûõ ïîëåé

〈ϕ(x1)ϕ(x2)ϕ(x3)ϕ(x4)〉 = D(x1,x2)D(x3,x4)+

+ D(x1,x3)D(x2,x4) + D(x1,x4)D(x2,x3) (11.74)

ãäå
D(xi,xj) = 〈ϕ(xi)ϕ(xj)〉 (11.75)

� äâóõòî÷å÷íûå êîððåëÿòîðû � îñíîâíîé îáúåêò èçó-
÷åíèÿ òåîðèè ñëó÷àéíûõ ïîëåé.

Îäíîðîäíîå è èçîòðîïíîå ñëó÷àéíîå ïîëå:

D(x1,x2) = D(|x1 − x2|) (11.76)

Ïåðåõîäèì ê Ôóðüå-îáðàçó

ϕ(x) =

∫
d3k eikxϕ(k); ϕ∗(−k) = ϕ(k) (11.77)

ϕ(k) =
1

(2π)3

∫
d3x e−ikxϕ(x) (11.78)

Áóäó÷è èíòåãðàëîì ñëó÷àéíîãî ïîëÿ, Ôóðüå-îáðàç
ñëó÷àéíîãî ïîëÿ ñàì ÿâëÿåòñÿ ñëó÷àéíûì ïîëåì (â
ïðîñòðàíñòâå k).

〈ϕ(k)ϕ(k′)〉 =
1

(2π)6

∫
d3xd3y e−ikxe−ik

′yD(|x−y|) =

= \z = x− y⇒ y = x− z\ =

=
1

(2π)6

∫
d3xd3z e−i(k+k′)xeik

′zD(|z|) =

=
1

(2π)3
δ(k + k′)

∫
d3z eik

′zD(|z|) =
P (k)

(2π)3
δ(k + k′)

(11.79)



òàê êàê P (k) çàâèñèò îò |k|, ÷åòíà, äåéñòâèòåëüíà.

〈ϕ(k)ϕ(k′)〉 =
P (k)

(2π)3
δ(k + k′) (11.80)

P (k) =

∫
d3z eikzD(|z|) (11.81)

P (k) � íåîòðèöàòåëüíà:

ϕ[f ] =

∫
f (k)ϕ(k)d3k, f ∗(k) = f (−k) (11.82)

Î÷åâèäíî: 〈ϕ2[f ]〉 ≥ 0 (óñðåäíåíèå ïî àíñàìáëþ φ!).

〈ϕ2[f ]〉 =

〈∫
f (k)ϕ(k)d3k ·

∫
f (k′)ϕ(k′)d3k′

〉
=

= \(11.80)\ =

∫
d3k|f (k)|2P (k)

(2π)3
≥ 0⇒ P (k) ≥ 0.

(11.83)

P (k) � ñïåêòð ìîùíîñòè ñëó÷àéíîãî ïîëÿ.

P(k) =
k3P (k)

2π2
(11.84)

� òîæå íàçûâàåòñÿ ñïåêòðîì ìîùíîñòè. Ñìûñë:

〈ϕ2(x)〉 =

∫
d3kd3k′ei(k+k′)〈ϕ(k)ϕ(k′)〉 =

= 4π

∫ ∞
0

dk k2 P (k)

(2π)3
=

∫ ∞
0

dk

k
P(k) =

∫ ∞
0

d(ln k)P(k)

(11.85)

Âàæíî: Ñîãëàñíî (11.80) P (k) îïðåäåëÿåòñÿ óñðåä-
íåíèåì ïî àíñàìáëþ, íî ñîãëàñíî (11.81) P (k)
ìîæåò áûòü ïðèáëèçèòåëüíî îöåíåíî óñðåäíåíè-
åì ïî ðåàëèçàöèè, åñëè ãàóññîâî ñëó÷àéíîå ïîëå
îäíîðîäíîå è èçîòðîïíîå ⇒
áàéåñîâñêàÿ âåðîÿòíîñòü.



Ïåðâè÷íûå àäèàáàòè÷åñêèå ñêàëÿðíûå ìîäû
è íàáëþäåíèÿ

• Íàáëþäåíèÿ ãîâîðÿò î òîì, ÷òî â íà÷àëüíûõ âîçìó-
ùåíèÿõ äîìèíèðóþò àäèàáàòè÷åñêèå ñêàëÿðíûå ìî-
äû.
• Òåíçîðíûå ìîäû è ñêàëÿðíûå ìîäû ïîñòîÿííîé
êðèâèçíû íå îáíàðóæåíû, åñòü òîëüêî îãðàíè÷åíèÿ
ñâåðõó.

Àäèàáàòè÷åñêèå ñêàëÿðíûå ìîäû ñàìûå ñóùåñòâåí-
íûå � ñòàíäàðòíàÿ êîñìîëîãè÷åñêàÿ ìîäåëü (ÑÊÌ)
âêëþ÷àåò ïîêà òîëüêî èõ.

Ïðåäïîëàãàåòñÿ, ÷òî íà÷àëüíûå äàííûå äëÿ
àäèàáàòè÷åñêîé ñêàëÿðíîé ìîäû �
êîíñòàíòíûå ìîäû çà ãîðèçîíòîì �
ïðåäñòàâëÿþò îäíîðîäíîå è èçîòðîïíîå ãàóññîâî ñëó-
÷àéíîå ïîëå è õàðàêòåðèçóþòñÿ ôóíêöèåé R(k)
(ζ(k)), ÷åðåç êîòîðóþ âû÷èñëÿþòñÿ îòíîñèòåëüíûå
ôëóêòóàöèè ïëîòíîñòè è âîçìóùåíèÿ ãðàâèòàöèîíî-
ãî ïîòåíöèàëà, (11.52)�(11.54).

Îäíîçíà÷íî îïèñûâàåòñÿ äâóõòî÷å÷íûì êîððåëÿòî-
ðîì:

〈R(k)R(k′)〉 =
PR(k)

(2π)3
δ(k + k′) (11.86)

Çàäà÷à íàáëþäåíèé � íàéòè îäíó ñêàëÿðíóþ ôóíê-
öèþ PR(k) � ñïåêòð ìîùíîñòè êîíñòàíòíîé ìîäû
àäèàáàòè÷åñêèõ ñêàëÿðíûõ âîçìóùåíèé.

Ñìûñë óñðåäíåíèÿ 〈R(k)R(k′)〉 �
óñðåäíåíèå ïî àíñàìáëþ âñåëåííûõ.

Îöåíêà PR(k) ÷åðåç äâóõòî÷å÷íûé êîððåëÿòîð:

PR(k) =

∫
d3x eikxD(|x|) (11.87)

Òàê êàê ìû èìååì äåëî òîëüêî ñ êîíå÷íûì ôðàã-
ìåíòîì Âñåëåííîé âíóòðè ãîðèçîíòà, òî îöåíêà äàåò
ëèøü êîíå÷íóþ òî÷íîñòü, â ïðåäïîëîæåíèè îäíîðîä-
íîñòè è èçîòðîïèè.

Îñòàòî÷íàÿ íåîïðåäåëåííîñòü �
êîñìè÷åñêàÿ íåîïðåäåëåííîñòü, cosmic variance

Åñëè íåêîòîðàÿ òåîðèÿ ïðåäñêàçûâàåò îïðåäåëåííóþ
PR(k), òî ïðåäñêàçàíèå ýòî íåâîçìîæíî áóäåò ïðîâå-
ðèòü ñ ëþáîé íàïåðåä çàäàííîé òî÷íîñòüþ.
Òî÷íîñòü èçìåðåíèé çäåñü íè ïðè ÷åì. Ñì. êàðòèíêó.

ошибки – не экспериментальные!
cosmic variance



Âìåñòî PR(k) îáû÷íî èñïîëüçóþò

PR(k) =
k3

2π2
PR(k)⇒ (11.88)

〈R2(x)〉 =

∫ ∞
0

dk

k
PR(k) =

∫ ∞
0

d(ln k)PR(k) (11.89)

Èíîãäà èñïîëüçóåòñÿ îáîçíà÷åíèå: ∆2
R(k) = PR(k)

Ïðîñòåéøåå ïðåäïîëîæåíèå - ïëîñêèé ñïåêòð:

PR(k) = const (11.90)

� ñïåêòð Ãàððèñîíà-Çåëüäîâè÷à.

Êàê ðåàëüíûé ñïåêòð ìîùíîñòè îòëè÷àåòñÿ îò ñïåê-
òðà Ãàððèñîíà-Çåëüäîâè÷à?

Íàáëþäåíèÿ ïîêàçûâàþò, ÷òî íà÷àëüíûé ñïåêòð
ôëóêòóàöèé áëèçîê ê ïëîñêîìó.

Ñòåïåííàÿ ïàðàìåòðèçàöèÿ (s � scalar):

PR(k) = AR

(
k

k∗

)ns−1

(11.91)

q∗ =
k∗
a0

=
1

500Ìïê
= 0.002Ìïê−1 (11.92)

Ñîâðåìåííûå çíà÷åíèÿ:

ns = 0.9667± 0.0040 (11.93)

AR = 2.441+0.088
−0.092 × 10−9 (11.94)

Îòíîñèòåëüíàÿ àìïëèòóäà âîçìóùåíèé

∆R =
√
AR ≈ 4.5 · 10−5 (11.95)

6 ïàðàìåòðîâ ÑÊÌ

Ôèçè÷åñêàÿ
ïëîòíîñòü
áàðèîíîâ

ΩBh
2 0.02230± 0.00014

Ôèçè÷åñêàÿ
ïëîòíîñòü
òåìíîé
ìàòåðèè

ΩCDMh
2 0.1188± 0.00010

Âîçðàñò t0 (13.799± 0.021) · 109 ëåò
Ñêàëÿðíûé
ñïåêòðàëüíûé
èíäåêñ

ns 0.9667± 0.0040

Àìïëèòóäà
ôëóêòóàöèé
êðèâèçíû

AR,∆
2
R 2.441+0.088

−0.092 × 10−9

Îïòè÷åñêàÿ
òîëùèíà
ðåîèíèçàöèè

τ 0.066± 0.012

Ïðèâåäåííàÿ
ïîñòîÿííàÿ
Õàááëà∗

h 0.6774± 0.0046

∗Ïîñòîÿííàÿ Õàááëà íå âõîäèò â ÷èñëî 6 ïàðàìåòðîâ!



Ïåðâè÷íûå ìîäû ïîñòîÿííîé êðèâèçíû è íà-
áëþäåíèÿ

Àíàëîãè÷íî àäèàáàòè÷åñêèì ìîäàì:
PSCDM (k) è PSB(k)

Äîïîëíèòåëüíî, ìîãóò áûòü êîððåëÿöèè ñ àäèàáàòè-
÷åñêîé ìîäîé, êîòîðûå çàäàþòñÿ ïàðàìåòðîì

β =
PRS√
PRPS

, 〈R(x)S(x)〉 =

∫ ∞
0

dk

k
PRS(k) (11.96)

Îöåíêè äëÿ PSCDM (k) è PSB(k) çàâèñÿò îò ïðåäïîëî-
æåíèé î β:

PSCDM (k)

PR
< 0.07, β = 0 (11.97)

PSCDM (k)

PR
< 0.004, β = 1 (11.98)

Ìîäû ïîñòîÿííîé êðèâèçíû ìàëû.

Â ÑÊÌ PSCDM (k) = PSB(k) = 0.

Ïåðâè÷íûå òåíçîðíûå ìîäû è íàáëþäåíèÿ

Òåíçîðíûå ìîäû äî ñèõ ïîð (íîÿáðü 2020) íå îáíàðó-
æåíû, ïîýòîìó ìîæíî òîëüêî ïðåäïîëàãàòü, ÷òî îíè
îáðàçóþò ãàóññîâû ñëó÷àéíûå ïîëÿ, ïðè÷åì îäèíà-
êîâûå, íî íåçàâèñèìûå äëÿ ðàçíûõ êîìïîíåíò ïîëÿ-
ðèçàöèè:

〈h(A)
(i) (k)h

(B)
(i) (k′)〉 =

1

2
δAB

PT (k)

(2π)3
δ(k + k′) (11.99)

Ïðåäïîëàãàåòñÿ ñïåêòð, áëèçêèé ê ïëîñêîìó:

PT = AT

(
k

k∗

)nT−1

, nT ≈ 1 (11.100)

∑
A

〈[h(A)
(i) (x)]2〉 =

∫ ∞
0

dk

k
PT (k) (11.101)

Îòíîøåíèå òåíçîðíûõ è ñêàëÿðíûõ ìîä
(PLANCK-2015)

r =
AT

AR
< 0.067, 95% (11.102)

Î÷åíü âàæíàÿ âåëè÷èíà, òàê êàê ïîçâîëÿåò ðàçëè-
÷àòü ðàçíûå ìîäåëè èíôëÿöèè.

Â ÑÊÌ r = 0.


