
Ëåêöèÿ 5

Ãîðèçîíò ÄåÑèòòåðà è ìîäåëè ñ êðèâèçíîé. Çîîïàðê
êîñìîëîãè÷åñêèõ ìîäåëåé. Ïàðàìåòð çàìåäëåíèÿ, ñòàíäàðòíûå
ñâå÷è è òåìíàÿ ýíåðãèÿ. Ìîäåëü ΛCDM è òðè îñíîâíûå ýïîõè
Âñåëåííîé. Óãëîâîé ðàçìåð è ñòàíäàðòíûå ëèíåéêè.
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ÄåÑèòòåðîâñêèé ãîðèçîíò

Êàêîâ â ìîìåíò âðåìåíè t0 ðàçìåð îáëàñòè, èç êîòî-
ðîé äîéäóò ñèãíàëû â òî÷êó x = 0 ê ìîìåíòó t > t0?

  

пространство

t

x = 0

t0

ldS(t) = a(t0)

∫ t

t0

dt′

a(t′)
=

= const× eHdSt0
∫ t

t0

dt′

const× eHdSt′
=

=
1

HdS

[
1− e−HdS(t−t0)

]
(5.1)

ldS(∞) =
1

HdS
(5.2)

Ñèãíàëû èç îáëàñòåé, êîòîðûå ñåé÷àñ äàëüøå ldS(∞)
íå äîéäóò äî òî÷êè x = 0 íèêîãäà!

Λ = 3.39 · 10−6 GeV/cm3 = 2.60 · 10−47 GeV2

G = M−2
Pl = 6.71 · 10−39 GeV−2

HdS =

√
8π

3
GΛ

HdS = 1.21 · 10−42 GeV

ldS = 8.27 · 1041 GeV−1 = 17.3 · 109 ly

void Do()
{

double cm = 5.068e13; // GeV^-1
double Lambda = 0.691*4.9e-6; // GeV/cm^3
printf("Lambda = %g GeV/cm^3\n", Lambda);
Lambda /= pow(cm, 3); // GeV^4
printf("Lambda = %g GeV^2\n", Lambda);
double MPl = 1.2209e19; // GeV
double G = 1/MPl/MPl; // GeV^-2
printf("G = MPl^-2 = %g GeV^-2\n", G);
double HdS = sqrt(8.*TMath::Pi()/3.0*G*Lambda);// GeV
printf("HdS = %g GeV\n", HdS);
double LdS = 1/HdS; // GeV^-1
printf("LdS = %g GeV^-1\n", LdS);
LdS /= cm; // cm
double Ly = 9.46e17; // cm
LdS /= Ly; // light years
printf("LdS = %g ly\n", LdS);

}



Ñëó÷àè κ = +1,−1

Ïûëåâèäíàÿ ìàòåðèÿ, Λ = 0. Èç (4.39):

ρ =
const

a3
(5.3)(

ȧ

a

)2

=
8πG

3

const

a3
− κ
a2

=
amax
a3
− κ
a2

(5.4)

dt = a(t)dη ⇒
(
da

dη

)2

= amaxa− κa2 (5.5)

κ = +1
a(η) = amax sin2 η

2
(5.6)

Âñåëåííàÿ ðîæäàåòñÿ â òî÷êå è êîëëàïñèðóåò â òî÷-
êó.

  

t =

∫ η

0

a(η)dη =
amax

2
(η − sin η) (5.7)

t

a

Äëÿ κ = +1 ìîæíî ÿâíî âûðàçèòü amax ÷åðåç ìàññó
âñåëåííîé:

8πG

3
ρ =

amax
a3

(ïî îïðåäåëåíèþ, ñì. (5.4)) (5.8)

ρ× 2π2a3 = m⇒ ρ =
m

2π2a3
(5.9)

8πG

3

m

2π2a3
=
amax
a3
⇒ amax =

4

3π
mG (5.10)



κ = −1
a(η) = amax sh2 η

2
(5.11)

t =

∫ η

0

a(η)dη =
amax

2
(sh η − η) (5.12)

Êîëëàïñà íåò, âñåëåííàÿ îòêðûòà è áåñêîíå÷íà.

t

a

F Íàéäèòå àñèìïòîòèêó ðåøåíèÿ ïðè t→∞.

Çîîïàðê êîñìîëîãè÷åñêèõ ìîäåëåé

È.Ä. Íîâèêîâ. Êîñìîëîãè÷åñêèå ìîäåëè. Ôèçè÷åñêàÿ
ýíöèêëîïåäèÿ, Ò.2, ñòð. 475



Ïàðàìåòð çàìåäëåíèÿ
(èëè êàê áûëà îòêðûòà òåìíàÿ ýíåðãèÿ)

q0 = − 1

H2
0

ä

a

∣∣∣∣
t0

= −ä a
ȧ2

(5.13)

Ïûëü:

a(t) = const t2/3

ȧ(t) =
2

3
const t−1/3 (5.14)

ä(t) = −2

9
const t−4/3

q0 = +
1

2
(5.15)

Êàêîâ ïàðàìåòð çàìåäëåíèÿ â áîëåå îáùåì ñëó÷àå?
(È â ÷åì çàêëþ÷àåòñÿ ýòîò áîëåå îáùèé ñëó÷àé)?

Êðèòè÷åñêàÿ ïëîòíîñòü

Óðàâíåíèå Ôðèäìàíà:

H2(t) =

(
ȧ

a

)2

=
8π

3
G(ρ + Λ)− κ

a2
(5.16)

⇒ Ïîñòîÿííàÿ Õàááëà ñåé÷àñ:

H2
0 =

8π

3
G(ρ0 + Λ)− κ

a2
0

(5.17)

Åñëè ïðîñòðàíñòâî ïëîñêîå, κ = 0, òî

8π

3
G(ρ0 + Λ) = H2

0 ⇒ ρ0 + Λ =
3

8πG
H2

0 (5.18)

ρc ≡
3

8πG
H2

0 − êðèòè÷åñêàÿ ïëîòíîñòü (5.19)

h = 0.68⇒
ρc = 4.9 · 10−6 ÃýÂ

ñì3
(5.20)

ρ0 + Λ èçìåðÿþòñÿ.
Ðåçóëüòàò: â ïðåäåëàõ îøèáîê

ρ0 + Λ = ρc ⇒ (5.21)

Íàøå ïðîñòðàíñòâî î÷åíü áëèçêî ê ïëîñêîìó.

Èç (5.16):

H2 =
8π

3
G(ρ + Λ)− κ

a2
=

=
8π

3
G

(
ρM + ρrad + ρΛ −

3

8πG

κ
a2

)
=

=
8π

3
G (ρM + ρrad + ρΛ + ρK) (5.22)

Óðàâíåíèå ñïðàâåäëèâî âñåãäà, êîãäà ìîæíî ïðåíå-
áðå÷ü ïëàâíûì ïðåâðàùåíèåì óëüòðàðåëÿòèâèñòñêîé
ìàòåðèè â íåðåëÿòèâèñòñêóþ ⇒
Âñåãäà, êðîìå î÷åíü ðàííèõ ýïîõ ïîñëå ñèíãóëÿðíî-
ñòè.

Èç (5.22):

ρM + ρrad + ρΛ + ρK =
3

8πG
H2 (5.23)



Â ñîâðåìåííóþ ýïîõó (ïî îïðåäåëåíèþ (5.19))

ρ0
M + ρ0

rad + ρ0
Λ + ρ0

K = ρc (5.24)

Ââåäåì îòíîñèòåëüíûå ïëîòíîñòè ñåé÷àñ:

ΩM = ρ0
M/ρc (5.25)

Ωrad = ρ0
rad/ρc (5.26)

ΩΛ = ρ0
Λ/ρc (5.27)

ΩK = ρ0
K/ρc (5.28)

ΩM + Ωrad + ΩΛ + ΩK = 1 (5.29)

ρM = ρ0
M

(a0

a

)3

(5.30)

ρrad = ρ0
rad

(a0

a

)4

(5.31)

ρΛ = ρ0
Λ ≡ Λ (5.32)

ρK = ρ0
K

(a0

a

)2

(5.33)

ρc =
3

8πG
H2

0 ⇒
8π

3
G =

H2
0

ρc
(5.34)

H2 =
H2

0

ρc

[
ρ0
M

(a0

a

)3

+ ρ0
rad

(a0

a

)4

+ ρλ + ρ0
K

(a0

a

)2
]

=

= H2
0

[
ΩM

(a0

a

)3

+ Ωrad

(a0

a

)4

+ ΩΛ + ΩK

(a0

a

)2
]

(5.35)

Óðàâíåíèå Ôðèäìàíà â îòíîñèòåëüíûõ ïëîòíîñòÿõ:

(
ȧ

a

)2

= H2
0

[
ΩM

(a0

a

)3

+ Ωrad

(a0

a

)4

+ ΩΛ + ΩK

(a0

a

)2
]
(5.36)

Ñ÷èòàÿ Ωrad � ΩM íàéäåì q0 â ñîâðåìåííóþ ýïîõó(
ȧ

a

)2

= H2
0

[
ΩM

(a0

a

)3

+ ΩΛ + ΩK

(a0

a

)2
]

(5.37)

ȧ = H0

√
ΩM a3

0/a + ΩΛa2 + ΩKa2
0 (5.38)

ä =
H0

2

−ΩM a3
0/a

2 + 2aΩΛ√
ΩM a3

0/a + ΩΛa2 + ΩKa2
0

ȧ =

=
1

2
H2

0(2aΩΛ −
1

a2
ΩMa

3
0) (5.39)

q0 = − 1

H2
0

ä

a

∣∣∣∣
t0⇒a=a0

=
1

2
(ΩM − 2ΩΛ) (5.40)

(ΩK óøëî!)

q0 =
1

2
(ΩM − 2ΩΛ) [ΩM = 1, Λ = 0⇒ q0 = 1/2]

(5.41)

Â êàêîì ñîîòíîøåíèè íàõîäÿòñÿ ΩM è ΩΛ?



Ñòàíäàðòíûå ñâå÷è è ïàðàìåòð çàìåäëåíèÿ

Íàáëþäàåìàÿ ÿðêîñòü J(z) ñòàíäàðòíîãî èñòî÷íèêà
ñî ñâåòèìîñòüþ L:

J(z) =
L

S(z)
× 1

1 + z
× 1

1 + z
=

L

S(z)

1

(1 + z)2

ïîêðàñ- ðàñòÿæåíèå
íåíèå âðåìåíè

(5.42)
S(z) � ïëîùàäü 2-ñôåðû, îêðóæàþùåé èñòî÷íèê.

Ðàñòÿæåíèå âðåìåíè:

dηi =
dti
ai

=
dt0
a0
⇒ dti =

ai
a0
dt0 =

dt0
1 + z

(5.43)

t
0

t
i

d

d



x

S(z) =?

S(z,ΩM ,ΩΛ,ΩK) =?

J(z,ΩM ,ΩΛ,ΩK) � ýêñïåðèìåíòàëüíî èçìåðÿåìàÿ âå-
ëè÷èíà.

Ïëîùàäü 2-ñôåðû â 3-ïëîñêîì ïðîñòðàíñòâå,
3-ñôåðå è 3-ïñåâäîñôåðå

1. Äëèíà îêðóæíîñòè ðàäèóñà ρ íà 2-ïëîñêîñòè

  



 Cρ = 2πρ = 2πr(ρ)
(5.44)

r(ρ) = a
(ρ
a

)
= aχ(ρ)

(5.45)
a � ïðîèçâîëüíûé ìàñøòàáíûé ôàêòîð

2. Äëèíà îêðóæíîñòè ðàäèóñà ρ íà 2-ñôåðå

Cρ = 2πr(ρ) (5.46)

r(ρ) = a sin
(ρ
a

)
= a sinχ(ρ) (5.47)

a � ðàäèóñ



3. Ïëîùàäü 2-ñôåðû â 3-ïëîñêîñòè

Sρ = 4πρ2 = 4πr2(ρ) (5.48)

r(ρ) = a
(ρ
a

)
= aχ(ρ) = aχ(ρ(z)) (5.49)

4. Ïëîùàäü 2-ñôåðû â 3-ñôåðå

Sρ = 4πr2(ρ) (5.50)

r(ρ) = a sin
(ρ
a

)
= a sinχ(ρ) = a sinχ(ρ(z)) (5.51)

5. Ïëîùàäü 2-ñôåðû â 3-ïñåâäîñôåðå

Sρ = 4πr2(ρ) (5.52)

r(ρ) = a sh
(ρ
a

)
= a shχ(ρ) = a shχ(ρ(z)) (5.53)

S(z) = 4πr2(z) (5.54)

r(z) =

{
aχ(z) − 3-ïëîñêîñòü
a sinχ(z) − 3-ñôåðà
a shχ(z) − 3-ïñåâäîñôåðà

(5.55)

χ(z) =
ρ(z)

a
(5.56)

χ(z) � êîîðäèíàòíîå ðàññòîÿíèå îò èñòî÷íèêà,
èçëó÷èâøåãî ïðè êðàñíîì ñìåùåíèè z
(ìîìåíò âðåìåíè ti) äî ïðèåìíèêà íà Çåìëå.

Âû÷èñëåíèå r(z)

Êîîðäèíàòíîå ðàññòîÿíèå äî èñòî÷íèêà, èçëó÷èâøå-
ãî â ìîìåíò ti, è ïðèíÿòîãî íà Çåìëå â ìîìåíò t0:

x = χ =

∫ t0

ti

dt

a(t)
; χ(z) =? (5.57)

z(t) =
a0

a(t)
− 1⇒ dz = −a0

a2
ȧ dt⇒ dt = − a2

a0ȧ
dz ⇒

(5.58)

χ(z) =

∫ 0

z

(
− a2

a0ȧ

)
dz

1

a
=

∫ z

0

dz

a0(ȧ/a)
=

=

∖(
ȧ

a

)2

= H2
0

[
ΩM

(a0

a

)3

+ ΩΛ + ΩK

(a0

a

)2
]

;

(ïðåíåáðåãëè èçëó÷åíèåì);
a0

a
= z + 1

∖
=

=

∫ z

0

dz

a0H0

√
ΩM(1 + z)3 + ΩΛ + ΩK(1 + z)2

(5.59)



Ðåçóëüòàò:

κ = 0 :

r(z) =
1

H0

∫ z

0

dz√
ΩM(1 + z)3 + ΩΛ

; ΩM + ΩΛ = 1 (5.60)

κ = +1 :

r(z) = a0 sin

[∫ z

0

dz

a0H0

√
ΩM(1 + z)3 + ΩΛ + ΩK(1 + z)2

]
(5.61)

κ = −1 :

r(z) = a0 sh

[∫ z

0

dz

a0H0

√
ΩM(1 + z)3 + ΩΛ + ΩK(1 + z)2

]
(5.62)

Ìîæíî èç Ï.×. èñêëþ÷èòü H0:

ΩK =
ρ0
K

ρc
=

1

ρc

(
−κ
a2

0

)
3

8πG
=

=
8πG

3H2
0

(
−κ
a2

0

)
3

8πG
= − 1

H2
0

κ
a2

0

⇒ (5.63)

H0a0 = 1/
√
−κΩK (5.64)

H0r(z) � âûðàæåíèå r(z) â åñòåñòâåííûõ êîñìîëîãè-
÷åñêèõ åäèíèöàõ:

κ = 0 :

H0r(z) =

∫ z

0

dz√
ΩM(1 + z)3 + ΩΛ

; ΩM + ΩΛ = 1 (5.65)

κ = +1 :

H0r(z) =

1√
−ΩK

sin

[∫ z

0

√
−ΩKdz√

ΩM(1 + z)3 + ΩΛ + ΩK(1 + z)2

]
(5.66)

κ = −1 :

H0r(z) =

1√
ΩK

sh

[∫ z

0

√
ΩKdz√

ΩM(1 + z)3 + ΩΛ + ΩK(1 + z)2

]
(5.67)



Íàáëþäàåìàÿ ÿðêîñòü

J(z) =
L

4π[(z + 1)r(z)]2
⇒ (5.68)

r(z) =
1

z + 1

√
L

4πJ(z)
⇒ (5.69)

H0r(z; ΩM ,ΩΛ,ΩK) =
H0

z + 1

√
L

4πJ(z)
(5.70)

ßðêîñòíîå ðàññòîÿíèå: DL = (z + 1)r(z).

Åñëè åñòü ¾ñòàíäàðòíàÿ ñâå÷à¿ L, òî H0r(z) ìîæíî
èçìåðèòü.

  

Â ïëîñêîé âñåëåííîé ïðè áÎëüøèõ Λ ïðè îäíîì è
òîì æå z ðàññòîÿíèå r(z) áîëüøå � ñâåðõíîâûå òóñê-
ëåå.

Ñòàíäàðòíûå ñâå÷è � ñâåðõíîâûå òèïà Ia.

A.G. Riess et. al. The Astronomical Journal, 116 : 1009-
1038, 1998.

M −m � ñâåòèìîñòü (÷åì áîëüøå, òåì òóñêëåå)
Ýêñïåðèìåíò íå ñîãëàñóåòñÿ ñ ïðåäïîëîæåíè-
åì, ÷òî Âñåëåííàÿ çàïîëíåíà òîëüêî ìàòåðèåé.



Íàçàä ê ïàðàìåòðó çàìåäëåíèÿ

Âî âòîðîì ïîðÿäêå ïî z F

r(z) ∼=
1

H0

[
z − z2

2

(
1 +

ΩM − 2ΩΛ

2

)]
(5.71)

Èç (5.40):

q0 =
ΩM − 2ΩΛ

2
⇒ (5.72)

r(z) ∼=
1

H0

[
z − z2

2
(1 + q0)

]
(5.73)

q0 îïðåäåëÿåòñÿ ïðÿìî ïî êðèâîé r(z), q0 < 0⇒
íå çàìåäëåíèå, à óñêîðåíèå!

Èìååòñÿ ïðèáëèçèòåëüíîå âûðîæäåíèå ïî ΩM è ΩΛ
ïðè ìàëûõ z ⇒
×åì áîëüøå z, òåì òî÷íåå îïðåäåëåíèå q0.

A.G. Riess et. al. The Astronomical Journal, 116 : 1009-
1038, 1998.

Îãðàíè÷åíèÿ íà ΩM è ΩΛ ïî îäíèì òîëüêî ñâåðõíî-
âûì Ia.



Íåëüçÿ ëè íàéòè ñòàíäàðòíûå ñâå÷è ïîÿð÷å?

Ìîæíî ëè èñïîëüçîâàòü ãàììà-áàðñòåðû êàê
ñòàíäàðòíûå ñâå÷è ïðè áîëüøèõ z?

Ïîêà åñòü ïðîáëåìû.

ΛCDM-ìîäåëü � ñòàíäàðòíàÿ ìîäåëü êîñìîëî-
ãèè

ΛCDM � Λ Cold Dark Matter

(Íåêîòîðûå) ïàðàìåòðû ñòàíäàðòíîé ìîäåëè

ΩM = 0.309± 0.006 (ΩB ≈ 0.05, ΩCDM ≈ 0.26) (5.74)
ΩΛ = 0.691± 0.006 (5.75)

Ωrad . 10−4 (5.76)
|ΩK | < 0.005 (5.77)

h = 0.6780± 0.0077 (5.78)
w = −1.006± 0.045 (5.79)

1. Óðàâíåíèå ñîñòîÿíèÿ òåìíîé ýíåðãèè:

p = wρ (5.80)

w = −1 ⇒ òåìíàÿ ýíåðãèÿ åñòü â òî÷íîñòè âàêóóì-
íûé êîñìîëîãè÷åñêèé ÷ëåí. Èíà÷å ¾êâèíòýññåíöèÿ¿
(w > −1, ñêàëÿðíîå ïîëå) èëè ¾ôàíòîìíàÿ ýíåðãèÿ¿
(w < −1, íåïîíÿòíî ÷òî ⇒
Áîëüøîé ðàçðûâ, Big Rip).

2. Îöåíêà Ωrad

Ωγ =
ργ
ρc

(5.81)

¾Çàêîí Ñòåôàíà-Áîëüöìàíà¿

ργ = 2
π2

30
T 4

0 , T0 = 2.725 Ko (5.82)

ρc =
3

8πG
H2

0 ; h = 0.68⇒ (5.83)

Ωγ = 0.53 · 10−4 ⇒ Ωrad ' 10−4 (5.84)

(Ïðîâåðüòå F)



Îñíîâíûå ôàçû ýâîëþöèè Âñåëåííîé

Óðàâíåíèå Ôðèäìàíà:(
ȧ

a

)2

= H2
0

[
ΩM

(a0

a

)3

+ Ωrad

(a0

a

)4

+ ΩΛ + ΩK

(a0

a

)2
]
(5.85)

1. Ïðè a→ 0 äîìèíèðóåò ðàäèàöèîííûé ÷ëåí Ωrad

⇒
ðàäèàöèîííî-äîìèíèðîâàííàÿ ñòàäèÿ, ýðà äîìè-
íèðîâàíèÿ óëüòðàðåëÿòèâèñòñêîé ìàòåðèè, ¾Ãî-
ðÿ÷èé Áîëüøîé âçðûâ¿

2. Ïîòîì äîìèíèðóåò ÷ëåí ΩM ⇒
ýðà äîìèíèðîâàíèÿ (õîëîäíîé íåðåëÿòèâèñò-
ñêîé) ìàòåðèè, ýðà ïûëåâèäíîé ìàòåðèè

3. Ýðû äîìèíèðîâàíèÿ êðèâèçíû íåò, õîòÿ ìîãëà
áû áûòü, íî ΩK ìàëî, à ΩΛ, íàîáîðîò, âåëèêî.

4. Ïîòîì äîìèíèðóåò ÷ëåí ΩΛ ⇒
ýðà ÄåÑèòòåðà

Â ïåðâîì ïðèáëèæåíèè åñòü âñåãî òðè îñíîâ-
íûå ôàçû ýâîëþöèè, ñâÿçàííûå ñîîòâåòñòâåííî ñ
Ωrad,ΩM ,ΩΛ.

Îò ðàäèàöèîííî-äîìèíèðîâàííîé ñòàäèè ê
ñòàäèè õîëîäíîé ìàòåðèè

(
ȧ

a

)2

=
8π

3
Gρc

[
ΩM

(a0

a

)3

+ Ωrad

(a0

a

)4
]

(5.86)

ΩM

(a0

a

)3

∼ Ωrad

(a0

a

)4

⇒ aeq (5.87)

a0

aeq
∼ ΩM

Ωrad
∼ 0.3

10−4
= 1 + zeq ⇒ (5.88)

zeq ≈ 3 · 103 (5.89)

Teq
T0

= 1 + zeq ⇒ Teq = T0(1 + zeq) ≈ 104 Ko ∼ 1 ýÂ

(5.90)

Êàê íàéòè âðåìÿ teq?

Íå ñîâñåì ïðîñòî, ÷åðåç ñîâðåìåííóþ òåìïåðàòóðó è
Heq.

MPl =

√
~c
G

=
1√
G
⇒ G =

1

M 2
Pl

(5.91)

[G] = [ÃýÂ]−2 = [M ]−2 (5.92)

MPl = 1.6 · 1019 ÃýÂ = 2.2 · 10−5 ã F (5.93)



¾Çàêîí Ñòåôàíà-Áîëüöìàíà¿ äëÿ ôîòîíîâ è íåéòðè-
íî (äðóãèõ ÓÐ ÷àñòèö íåò):

ρrad =
π2

30
g∗T

4 (5.94)

g∗ � ýôôåêòèâíîå ÷èñëî ñòåïåíåé ñâîáîäû (ñòàò. âåñ)
ôîòîíîâ è íåéòðèíî:

g∗ = 2 +
21

4

(
4

11

)4/3

≈ 3.36 (ïîëó÷èì ïîòîì) (5.95)

(
ȧ

a

)2

=
8π

3
Gρ (5.96)

T = (1 + z)T0 (5.97)

Heq =

√
8π

3
Gρ =

√
8π

3
G 2ρrad =

√
8π

3
G 2

π2

30
g∗T 4 =

= T 2
√

2

√
8π3

90
g∗

1

M 2
Pl

=
T 2

M ∗
Pl

√
2 =

[(1 + zeq)T0]2

M ∗
Pl

√
2

(5.98)

M ∗
Pl =

MPl√
8π3

90 g∗
(5.99)

Íà ðàäèàöèîííî-äîìèíèðîâàííîé ñòàäèè

teq =
1

2Heq
=

1

2

M ∗
Pl

[(1 + zeq)T0]2

√
2 ≈ 120000 ëåò (5.100)

Îò äîìèíèðîâàíèÿ ìàòåðèè ê ôàçå ÄåÑèòòåðà
� îò çàìåäëåíèÿ ê óñêîðåíèþ

Èùåì òî÷êó ïåðåãèáà a(t):(
ȧ

a

)2

=
8π

3
Gρc

[
ΩM

(a0

a

)3

+ ΩΛ

]
(5.101)

ȧ2 =
8π

3
Gρc

(
ΩM

a3
0

a
+ ΩΛa

2

)
(5.102)

2ȧä =
8π

3
Gρc

(
−ΩM

a3
0

a2
ȧ + 2aȧΩΛ

)
(5.103)

ä = 0⇒
(a0

a

)3

=
2ΩΛ

ΩM
(5.104)

z =
a0

a
−1 = 3

√
2ΩΛ

ΩM
−1 =

3

√
2 · 0.69

0.31
−1 = 0.65 (5.105)

t =?

Ðåøåíèå äëÿ ΩM ,ΩΛ 6= 0, ΩK = Ωrad = 0(
ȧ

a

)2

= H2
0

[
ΩM

(a0

a

)3

+ ΩΛ

]
, ΩM+ΩΛ = 1 (5.106)

Ïðîâåðÿåòñÿ ïîäñòàíîâêîé:

a(t) = a0

(
ΩM

ΩΛ

)1/3 [
sh

(
3

2

√
ΩΛH0t

)]2/3

(5.107)



a0

a(t)
= z + 1 =

(ΩΛ/ΩM)1/3[
sh
(

3
2

√
ΩΛH0t

)]2/3 ⇒ (5.108)

t =
2

3H0

√
ΩΛ

arsh

[(
1

z + 1

)3/2√
ΩΛ

ΩM

]
(5.109)

Âîçðàñò Âñåëåííîé

z = 0 ⇒ t0 =
2

3H0

√
ΩΛ

arsh

(√
ΩΛ

ΩM

)
(5.110)

ΩΛ = 0.691, ΩM = 0.309, h = 0.678⇒
t0 = 13.80 · 109 ëåò (5.111)

Âîçðàñò ïåðåõîäà îò çàìåäëåíèÿ ê óñêîðåíèþ

z + 1 = 1.65⇒ t = 7.61 · 109 ëåò (5.112)

t0 − t = 6.2 · 109 ëåò (5.113)

Êðàñíîå ñìåùåíèå - âîçðàñò - ðàññòîÿíèå

z t,Gy t0-t,Gy R,Gly
0.01 13.66 0.1433 0.144
0.01259 13.62 0.18 0.1812
0.01585 13.57 0.2261 0.2279
0.01995 13.51 0.2838 0.2866
0.02512 13.44 0.3559 0.3604
0.03162 13.35 0.446 0.453
0.03981 13.24 0.5582 0.5692
0.05012 13.1 0.6975 0.7148
0.0631 12.93 0.8701 0.8971
0.07943 12.72 1.083 1.125
0.1 12.46 1.344 1.409
0.1259 12.14 1.661 1.763
0.1585 11.75 2.045 2.201
0.1995 11.29 2.504 2.742
0.2512 10.75 3.047 3.407
0.3162 10.12 3.677 4.216
0.3981 9.401 4.397 5.193
0.5012 8.597 5.201 6.357
0.631 7.724 6.075 7.724
0.7943 6.803 6.996 9.299
1 5.865 7.934 11.07
1.259 4.946 8.853 13.03
1.585 4.08 9.719 15.12
1.995 3.294 10.5 17.3
2.512 2.608 11.19 19.52
3.162 2.028 11.77 21.73
3.981 1.552 12.25 23.89
5.012 1.172 12.63 25.97
6.31 0.875 12.92 27.93
7.943 0.6468 13.15 29.77
10 0.4743 13.32 31.47



Òåñò óãëîâîãî ðàçìåðà è ñòàíäàðòíûå ëèíåéêè

  



z

D

Ñòàíäàðòíûå ëèíåéêè ⇒ ∆θ(z)→ ΩM ,ΩΛ,ΩK .
Ñòàíäàðòíûå ëèíåéêè ñóùåñòâóþò � àêóñòè÷åñêèå
ïèêè.

1. Ïëîñêîå ïðîñòðàíñòâî

ds2 = a2(t)(dη2 − dx2) (5.114)

Â êîíôîðìíûõ êîîðäèíàòàõ âñå êàê â ïëîñêîé ñòà-
òèêå:

∆θ =
Dconf

x(z)
(5.115)

D = Dconfa(t)⇒ Dconf =
D

a(t)
(5.116)

∆θ =
D

a(t)x(z)
=

a0

a(t)

D

a0x(z)
=
z + 1

x(z)

D

a0
=

= \a0x(z) = r(z), (5.60)\ = DH0
z + 1∫ z

0

[ΩM(z + 1)3 + ΩΛ]−1/2dz

(5.117)

∆θ(z) = DH0
z + 1∫ z

0

[ΩM(z + 1)3 + ΩΛ]−1/2dz
(5.118)

Êàê ñåáÿ âåäåò ∆θ(z)?
• z � 1

∆θ(z) ∼= DH0

√
ΩM + ΩΛ

1

z
= DH0

1

rH0
=
D

r
(5.119)

� óáûâàåò, êàê è îæèäàåòñÿ.

• z � 1

∫ z

0

[ΩM(z+1)3+ΩΛ]−1/2dz ∼=
∫ z

0

[ΩM(z+1)3]−1/2dz =

=
1

2
√

ΩM

(
1− 1√

z + 1

)
⇒ (5.120)

∆θ(z) ∼= 2DH0

√
ΩM

z + 1

1− 1√
z+1

≈ 2DH0

√
ΩM(z + 1)

(5.121)
1) Óãëîâîé ðàçìåð ðàñòåò ñ ðîñòîì ðàññòîÿíèÿ!
• Ïðè z ∼ 1.5 óãëîâîé ðàçìåð äîñòèãàåò ìèíèìóìà
(èùåòñÿ ÷èñëåííî).

2) Åñëè èçâåñòíû D è z, òî îïðåäåëÿåòñÿ ΩM !

ΩM =

(
∆θ(z)

2DH0(z + 1)

)2

(5.122)



2. 3-ñôåðà

Dconf =
D

a
=
a sinχ∆θ

a
= sinχ∆θ ⇒ (5.123)

∆θ =
Dconf

sinχ
=

D

a(t) sinχ
=

a0

a(t)

D

a0 sinχ
=
D(z + 1)

a0 sinχ
=

=
D

a0

z + 1

sin

[∫ z
0

dz

a0H0

√
ΩM (1+z)3+ΩΛ+ΩK(1+z)2

] (5.124)

3. 3-ïñåâäîñôåðà

∆θ =
D

a0

z + 1

sh

[∫ z
0

dz

a0H0

√
ΩM (1+z)3+ΩΛ+ΩK(1+z)2

] (5.125)

∆θ = ∆θ(z,D,ΩM ,ΩΛ,ΩK) (5.126)


