Jlekmina 9

JI>kmHCOBCcKasi HeycToiunBOCTh. KocMosiornueckne Bo3MYyIIeHUS:
CKaJIIpHble, BEKTOpPHbIE, TEH30pHbIe MOAbL. JlMHeapu30oBaHHBIE
ypaBHEHMNH.
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Kocmomornueckue BOSMYIIEHNA
JI>)KNHCOBCKasd HEYCTOMYNBOCTbh

HbioToHOBCKAaA I'paBUTAIA + KJIacCHIecKasd THIPOIH-
HaMUKa HEPEJIATUBUCTCTKON MAeAJIbHOU KUJIKOCTU.

['paBUTAIMOHHBIN TTOTEHITNA:

Ap =4nGp (9.1)

YpaBHeHIEe HEPA3PBIBHOCTH:

dp
- — 9.2
5 T Vipv) =0 (9.2)
YpapHeHue Jitaepa s UaeaabHON XKUJIKOCTH:
dv

por = —PVY = Vp Xk (9.3)

dv oOv dx;0v  Ov
ot T aen o TVVvE o (94)

ov

rn + p(vV)v =—pVp — Vp (9-5)

Haugasnbable yemoBrug — OecKoHeTHast OTHOPOIHAA CTATH-
JecKasd Cpeia:

p(x) = const, p(x) = const, v(x) =0, p(x) =0 (9.6)
[BaBeomo Hepeasmerudno, T.K. Ap = 4G p # 0]

Izy1aeM MaJible BO3MYIIEHN.
JImHeapn3oBaHHble YpaBHEHNA:

3 (9.1):
Alp +dp) = 4nG(p + dp) = (9.7)
Adp = 4tGop (9.8)
13 (9.2):
0
7P+ 0p) + Vl(p+0p)(v +0v)] =
_Op 0op B
= §+E+V(pv+5pv+p5v+5p5v) =
~|9p dop ~ 0op
= [815 + V(pv)] + 5 + V(pdv) = P + pViv =
(9.9)
d0p
il — 9.10
Y + pVov =0 (9.10)
N3 (9.5):
p(0vV)ov =~ 0 — 2-if TTIOpPAZI0K MAJIOCTH (9.11)
0ov 1
C - SVp— 12
P pV5p Viyp (9.12)
YpaBrenune cocrosuus: p = p(p)
op = @5,0 = u?0p (9.13)

dp



N3 (9.10), mogcrasnss 06v /Ot uz (9.12)

0%6p oov
gz TPV T

0?6 1 0
_ 2o +pV | —=Vip—-Vip | = \Vip=V —p5p =
ot? P dp

. 825P L, _
= 53 + pV (—;uSV(Sp) — 4rpGop =
2
— 8852'0 —ulAdp — 4rGpdp =0 (9.14)
Oop 9.15
5 u;Adp — AnGpop =0 (9.15)

|Eciu G = 0, To nmpocToe BOJIHOBOE ypaBHEHNUE]

I/IH_[eM peleHnd B BUJAE MaJIbIX JINHENHBIX BOJIH:

dp(x,t) = / d*q 1> Vgp(q) = / d*q e ™6p(q, t)

(9.16)

o - / [—w*(@))d’qe’ <5 p(q)
o’ (9.17)
Adp(x, 1) = / (=) d*qe" V5 p(q)

[Togcrasagem B (9.15):

/[—w2(q)+u§q2 —4%Gp]ei(qx_”t)5p(q)d3q =0 (9.18)

= 3aKOH JUCIIEPCUN

Wi (q) = w(q) = i’ — 4nGp (9.19)

JIKWHCOBCKUET «UMITYJIbC» (BOJITHOBOE HWHCJI0) U JJINHA
BOJIHBI

AnGp 27
2 /

-0 = = A= — 9.20
w(q) q7 w2 A (9.20)
A< A;= w(q) >0, oima (9.21)
A > \j = BOJIHOBBIX DEIlleHUIl HeT (9.22)
wlq) = +in/4nGp — ulq® = £Q,, Q, >0  (9.23)
dp(q,t) = dp(g, 0)e (9.24)

OKCIIOHEHIINAJIbHO PACTYIIee 1 SKCIIOHEHIINAJIbHO 11a,1a-
[olee pelleHns —
IpaBUTAIMOHHAA HEYCTONINBOCTL JI2KmHCA.

Ecmn ugs = 0 (mbib) To KosiebaTebHBIX DEITHUN HeT
COBCEM.

JIMHEeNHBI 1 HeTMHENHBIN peXKIUMBI:

6p(q,t)
P

Ecmm §(q,t) < 1 paboraer nuHeitHbll anaauns (mpe-
craBierre Oypbe).

o(q,t) = (9.25)

Bpemda Bxona B HeJIUHEHHBIN PeXKUM OIpeeseseTcs
yCJI0BUEM

o(q, tu) ~ 1 (9.26)
Teopust HeycroituupocTu xKuHca — mpoobpas Teopuu
KOCMOJIOTUYECKUX BO3MYIICHUIA.



Bozmymenunsa metpuku n (pukcamus
KaJanopoBKu hy; = 0

3agadga: [lycTb Ha Kakoii-To cTaguu sBosoun Beesen-

HOM (BO3MOXKHO, BECbMa PaHHEH) HO IOCJIE TOPSIEro
Bosbmoro B3pbiBa, Haj dhorom PpuiMaHOBCKOIO IIPO-
CTPAHCTBA UMEIOTCA MaJjible BO3MYIIEHUA BerecTsa, (I,
CJIEJIOBATENIHO, METPUKH). UTO ¢ HUME CTAHET 0 Mepe
naJibHeleit sposronnu BeesenHoit?

ds* = a*(n)y,wdatdz” (9.27)

Vv = Nuv + huy (928)
N — MunKoBckuit, hy,, — BosMyIIeHNE.
Corsamenne: Vnupekcbl sosamyuienutd OymneM TIOIHH-
MaTh /OIyCKaTh MeTPUKOil MUHKOBCKOTO:

WY = Py by w0 T (9.29)

ECJII/I fY[U/ — TI,LLV + h,w/, TO fy,UV — nMV _ hluu (*)

Teopusa nHBapMaHTHA OTHOCHUTEJBHO KaJUOPOBOTHBIX
peoOpa3oBaHmil — TPOU3BOILHBIX I(MdHeoMopdU3MOB.
PaccmarpuBaeM NpomsBoJIbHBIE MHMUHATE3EMATIbHBIE
IpeodPa30BAHUSI

=+ (), & ~ b
g =g" + VI VI S
Kak mpeobpasytorcsa h*?7 Ucnosbsyem (9.31):

1 s
— (0" = ") =

"’[IJ/ -
g =
a?

1
= ?(UW — h") + GV E + PV N (9.32)

B = B = (= B8 (1 — )V E"(9.33)

(" — WYV LEY ~ AV LE = nf (0N + TY,\E7) =
= 0" + &7 (9.34)

14 .
['”\, mocrarodno cuuTaTh B (-OpAIKe:

v

1 v
ox T ég p(aag)\p + a)\gpa -

11
= 551" 0s(a*n,) + Oa(a’ny0)

8pga)\) -
— 0,(a*n,))] =

1
= (0,08 + Oxa 8y — Ban"n)) (935)

T = é(&,a & + Ohan " — ByanEr)
(9.36)
(" — W)VHE" =
= e + 2(8(/*@ £ + Ohan&" — D,an""E") (9.37)

(N = WV & =
= '+ (0,08 + Dran e — D ) (9.38)

B — B gRgy _ gren 277%0% (9.39)

Tax kax &M ecTb 4 Npou3BOJIbHBIE (DYHKIIMH, TO UX BbI-
OupaeM Tak, 9TOOBI 3aHYJIUTH 3 BeIUIUHbI h;g = 0, 7 =

1,2,3.



OcraeTcs elie ocTaTouHass HHBAPUAHTHOCTD JIJIs ITPE00-
pazoBaHmit (Tak Kak OHU HE MEHAIT (i-KOMITOHEHTDI )

& + 0:& =0 (9.40)
['ognTes, B 9acTHOCTH

& =&(x), =0 (9.41)

B kanubposke h;y = 0:

ds® = a®(n)[(1 4 hoo)dn? — (8i + hir.)daidxy).

(9.42)
Coryalenne: 119 TPEXMEPHBIX WHIEKCOB BO3MYIIEHMI,
OHU OILyCKAIOTCA TPEXMEPHOI MeTPUKOiL 0;;

(Vi (Sl'j’Uj = ’Ui (943)

[is1 HabJrro1aTeIst, MOKOAIIEroCst B COIIY TCTBYIOIEi Cli-
creme, dx; =0 =

ds® = dr* = a*(n)(1 + hoo)dn* = (9.44)
1
dr = a(n)(1 + éhoo)dn (9.45)
Bo3mymiennsa TeH30pa 3HEPrum-uMIyJibca
TOU nneanbHON »KUIKOCTH:
T) = (p+p'u, — dyp (9.46)
C BOBMYIIEHUAMU:
TV = (p+d0p+p+dp)(u"+du")(u, + du,) — 65 (p+ dp)

(9.47)

C%OpOCm’b 6 KoHnmewcme KOCMoN02UNeCRULT eosmymenuiz

Heposmymiennast (KoopuHaTHAS: 1), L) CKOPOCTH MMEET
Toabko O-kommonenty: ut = (u’, 0,0, 0)

guut'u” =1= aQUWu“u” = v’ =1=
1
w =" uu'=1=u=a (9.48)
a

PusndecKne CKOPOCTH:

dXH dz"
dX" =adz" = VI = = o = qut (9.49)
ds ds
Vi=a’ =1, V'i=au' =0; (9.50)
Bosmy1ienaag CKOPOCTb:
Vi=vV0 400 =14 (9.51)

Vi=Vit

’UO 1 v — BeJINYUHBI IIEPBOI'O IIOPAJAKA MaJIOCTH.

v' = v’ — pusmaeckasd ckopocth  (9.52)

- A A 1~
VI =au" = o' =-V*#

9.53
: (9.53
1
) =’ 4+ ou’ = ~(1+ ") (9.54)
a
: 1
i =u' + ou' = ou' al (9.55)

Torna
1 =g,u'u” = a*[(noo + hoo)a” — (03 + hij)u' W] =
=a’(1+ h00>a1 (140" — (65 + hyj)ou'du! =
>~ (14 hog)(1 +2°)? 2 14 hog + 20" = (9.56)



1
v’ = —§h00 (9.57)

B smmHeitHOM 110psJIKe 3TO eCTh IPaBUTAIIMOHHOE 3aMe/l-
nenne Bpemenn. Jlaxke eciau v' = 0 BpeMs 3aMeIAeTCs.

(9.58)

v' MOTYT OBITB JIFOOBLIMU (MAJTBIMK)

Hatinem w, n du, (c HIZKHUMEI WHIEKCAMN):

A

a, " = (ug + dug) (u’ + du’) + dudu’ =
>~ (ug + dug)(u” + du’) =1 = (9.59)

1 0
Uy + 6'&() = m = a(l — v ) (960)
. 1 .
ou; = gy ou" = a277m5u“ = —a’0u’ = —a*~v' = —av'
a
(9.61)
wy + dup = a(l — v (9.62)
ou; = —av; (9.63)

Komnonenmuv, TOU

N3 (9.47)
TV = (p+0p+p+06p)(u+0u”) (u, +6u,) — 5" (p+6p) =
(9.64)
1
Ty = (P+5P+p+5p>a(1+vo)a(l—vo)—58(p+6p) >
>~ p+5p = (9.65)
5T = 6p (9.66)

(1 + U())(—CLUZ') — 5?(]9 + 5]9) ~
(—vi) = =(p+p)vi = (9.67)

T} = (p+dp+p+p)
= (p+p+dp+dp

|

N——

(9.68)

0T = —(p+pv;

: 1 . :
Tj = (p+0p+p+dp)—v'(—av)) = 6j(p + dp) =
=~ —§'p — 6;0p = (9.69)

0T; = —636p (9.70)

[Torpebytorcsa, korga OyeM BBITUCHIBATH JIMHEAPU30-
BAHHbIC YPABHEHUA JIJI BO3MYIICHUIA.



Pazjiokenne BO3MyIeHUiA 110 CHupaJbHOCTIM: | 2. BekTOopHbIE MO/BI (CIUPAJIBHOCTH 1)

CKaJIIpHbIe, BEKTOPHBbIE, TEH30PHBIE MO/IbI 5
[Ipeobpasyrorcss Kak BeKTOP, OPTOrOHAJILHBIN k

Tak KaK Bce ypaBHEHUA HUITYTCA B JTUHEHHOM IOPAIKE
10 BOBMYIIEHUSIM, TO pa3Hble KOMIOHEHTH Pypbe MOXK-
HO U3y4YaTb OTJAEJIbHO: el , e

bl ) = [ @heh, k) 0.0 =

u T Jast 0p,0p, v;. Auddepennnpopanne n yMHOXKe-
Hue Ha ik 1y1g KomnoneHT Pypbe B3auMO3aMeHsIeMbI:

—-» e(1)

e(d)

Hna dpukcnpopanHoit Moabkl K MpocTpaHCTBO MHBAPH-
AHTHO OTHOCUTEJIHHO BpaIleHuil BOKPYT BeKTopa kK — e(l),e@),k — mIpaBasi TPOJIKA.
«matas_rpymma SO(2)», HO TeH30pHBIE KOMIOHEHTBI | [[opopor o Y.C. Ha o

hix, vi, 0p (BoODOIIE TOBOPST) He MHBAPUAHTHHI,

IpeobpasyloTes APyT depes Japyra = e — oM osar — @ sin o

MO/IBI C OIIPEJIEJIEHHO CIMPAIbHOCTBIO (3 THIIa). @ — eWgna+e? cosa
1. Ckansgpabie Mol (crimpaJJbHOCTH 0) ot — o) £ 62
OO6bexT mpu BpalieHnax Majoit rpynmsl SO(2) He mpe- e<+)/(oz) _ e(l)/(a) n ie(Z)/(a) _ piog+)
obpasyeTcs.
Turbr ckagsipHbIx MOJL (4 MITYKH) i e(+),(a) _ —ig(emeH)) _ +1e(+)/<&)
“ oo
e 3-ckaysip (0p, 0p, .. .) — CHMPaJILHOCTL +1
e Bexrop, || k Loe (@) = —1e'(a)

e Tensop,  kik;j (T.K. kj, k; He Mens0TCA) — CIAPAJIBLHOCTD — 1

e Tensop, o< 9; ;



[Ton3BONILHLIN TIOIIEPEYHBI BEKTOD SIBJSETCA CMECHIO
crimpaJibHocTeil —1 u +1:

S=a_e) +a,el? (9.78)
Ennauaayto cnimpaabHOCTh nMeroT (2 Tura)

e [lomepeunnie BEKTOPHI
e TeH30pHI CO CTPYKTYPOIi kl-WjT, e WJT — Torepey-
HBI BeKTOD, TO ecThb kWi = 0

(cKaJIsTpHBIE MOJIBI UMEIOT CITUPATBLHOCTB 0,
T.K. OHI He 3aBUCST OT TTOBOPOTA (X)

3. Ten3opubie MO/ibl (CIIUPATBHOCTD 2),
Bcero 1 Twu

PaccMmorpuMm  cuMmmerpudnble, OecciieoBble, II0Ieped-
Hble 3-MEpHbIE TEH30DbI:

® Nij = hji — 3 yciobug

e h; =0 — 1 ycinoBue

® k;h;; = 0 — nonepevHoCcTb, 3 yCI0BUA

9 mapaMeTpoB, 7 yCJIOBHUil, 2 — cBOOOIHBIE =>
Pa3zmepaocTh = 2

113 eV, e® nocrpoum jBa Tensopa:

n_ (22

/N
Q)
-~
—_
~—
—~

(651)652) + e(2>e§-1>)

?

— JINHEHO He3aBUCUMBbI, CUMMETPUIHBI, OeCCJIeI0BHI,
IIOIIEPEYHBI 110 OIIPEJIEIEHUIO.

+2 .
el(-j ) = egj) + zeg.() (9.82)
DJIEMEHTAPHO MTPOBEPAETCA:
68_2)/(04) = e+2iae§;2)/ = Eaegj”'(a) = —|—2€§;—2>l
(9.83)
el(-j_z) () = e_2i0‘e§;2> = f)ae§;2> () = —262(»;2)
(9.84)

— 00BEKTHI CO CIUPAJILHOCTBI0 2.

e 4 TuIa CKAJAPOB (cnupasbHOCTD 0), 2 THIIA BEKTOPOB
(crimpasibHOCTD 1), 1 THIT TE30POB (CIUPATbHOCTE 2) J10-
CTATOYHO /I PA3JIOXKEHNS 110 HAM BCEX BEJINYUH, HY K-
HBIX JIJIsT TEOPUH KOCMOJIOTMIECKUX BO3MYIIEHU (CM.
cJIel. coafin).

o Jluddepennupopanue komnonenT @Pypbe 10 T
(ymHOXKeHUe Ha k;) He MeHAET CIUPAJBHOCTU =>

JlnneapusoBantbie (1 TIOTOMY JIMHEHHbIE) ypaBHE-
HIg pas3OUBAIOTCA HA HE3aBUCHMblE KOMIIOHEHTHI
JJId MOJI, Pa3HOM CIIMPAJIBHOCTH.

Mojibr pasnoit cmpabHOCTH SBOJIIOIUOHUPYIOT CYIIIe-
CTBEHHO I0-pa3HOMY!



Pasznoxkenne h;; 1 v; 10 CIMpPaJbHOCTIM

B kaymbposke hy; = 0

Py = hoo @ hij (9.85)

hoo HE 3aBUCKHT OT HIOBOPOTOB B ILJI0CKOCTH (1]) =

hog = 20 — ckassap (9.86)

hi; ecTb KOMOMHAINA BCeX BO3MOYKHBIX CIPaIbHOCTe:

hij(n, k) = —2Wé;; — 2k;k;E | cuupasbrocTs 0
+i(k;W, + k;W}) | cimpansrocTs 1
+h3;T CIIUPAJIbHOCTD 2

(9.87)

U, E — ckaJgpHble MOJIBI (2 mapamerpa)
WJT — BEKTOPHBIE MOJIbI (2 apameTpa)
h;f’;T — TE€H30pHBbIE MOJIBI (2 mapamerpa).

Bcero 6 mapaMeTpoB, CTOJIBKO YKe He3aBUCUMbBIX 3/IeMeH-
TOB B CUMMETDUYHOII MaTpule f;;

Ecmm o v(n, k) monnmars Beto KommorerTy Pypbe, TO
ikv(n, k) = ow(n, k) (9.89)

mosroMy v(n, K) MHOI/Ia HA3BIBAIOT MOTEHIIUAIOM CKO-
poCTH.

Paznoxkenne Jj1s1 CKOPOCTH:

vi(n, k) = ikv(n, k)
+V." (n, k)

v — cKasApHas Moza (1 mapamerp)
V.I' — BekTopHbIe Moapl (2 apameTpa)

crupaJibHOCTh ()
CIIMPAJIbHOCTD 1

(9.88)

Bcero 3 mapameTrpa, CTOJIBKO K€ HE3aBUCUMBIX KOMIIO-
HEHT BEKTOPa v;

KommonenTsr TOU

CkaJsp:
5T = 6p (9.90)
BekTop 1 ckansap (cm. (9.88)):
5T = —(p+ p)u, (9.91)
CxaJsp:
0T; = —636p (9.92)

TerzopHoro Bkajga Her!




JInHeapu30BaHHbIE YPABHEHUS JIJid BO3MYIIEHUI1

KoBapuanTaoe coxpanenune TOU

A A
vV, T} =0,T! + FZATV — FWTf =0 (9.93)
Ffw CUUTAIOTCS B MeTPHUKe
Guv = a2(77/w + h,uy) (994)
B KaIuoposke hg; = 0
a 1
Toy = —+ éhgo (9.95)
; 1
Coi = Tho = i@hoo (9.96)
. a’ 1
a’ a’ 1
0y = E(l — hoo)dij — —hij = §h;’j (9.98)
: 1
;’k == —i(ajhzk + (‘9khw — (‘zhjk) (9.99)

[TopcraBnsiem B (9.93), wcmonb3yeM BbIpaXKeHUS 17
0T, mosrydaeM JBa ypaBHEHUsI
(st 0 m jyta é-xommonent (9.93)) %

! 1
op' + 3%((5,0—1— op) + (p+p) (&vi — ih') =0 (9.100)

CL/

1
0;0p+(p+p) <45vz- + 552’}&00) +vi(p+p)]' =0 (9.101)

rmae h = h“

JImHeapm30BaHHbIE YpaBHEeHUS DWHIITEITHA

5GY = 8rGOT! (9.102)

a*0Gy = —3h « 2—18-8-h~+1Ah—a—/h’ (9.103)
0 W\ g 2 g a '

1 1 a’
a?0GY = ia’h, - iajh;j +—0ihoy (9.104)
9 o i 1 1 L, 1
a 5G] — i&ﬁkhﬂf + éajﬁkhzk + ihij — §Ahzj+

1 1 a’

|1 1 1 1
— 0 | =R+ ZAh — hi, — =Ah
) [2 + 58k + 23z<9k e — AR+

a a 2 a
+2—hoo — | — | hoo +—(hiy + R (9.105
—hao (a) 00 a( o0 +h)| )

Tensoprvie modv, (st kommonenT Pypoe!)

B Boipaxkenusix g 07T [uneanbras xugaxocts| (9.66)
(9.70) TeH30pHOTO BKJIaJIa HET, TIOITOMY YPABHEHUE JJIsT
TEH30PHBIX MO/ OJJHOPOJIHOE (OU€HDb TPOCTO!) Y
/
2, TT TT | 0% a37TT _

D10 ypaBHEHUE JJid IPABUTALMOHHBLIX BOJIH B ILp-Be
DpuamaHa.

B craruueckom npenpene Munkosckoro n — t, a' =0 u
ypaBHEHUE [ePEeXOIUT B 0OLIYHOE BOJHOBOE YpaBHEHUE

Oht — AhLT =0 (9.107)

t "%



Bexmopruvie modwi

BekTopHble MOIBI METPUYIECKOTO TEH30Pa, CKOPOCTH 1

ToOn

hij = i(k;W) + kW) =W +o,W  (9.108)
v =V5: ikVi=0,V; =0 (9.109)
0T = —(p+p)v, (9.110)

JInneapu3zoBaHHble ypaBHeHUA DUHITENHA:
00-KOMITOHEHTA YIOBJIETBOPAETCA TOXKIECTBEHHO ¥';

02-KOMIIOHEHThI

O,AW! = 167Ga*(p + p)Vi' (9.111)
17-KOMIIOHEHTHI
/
W +220,Wl =0 (9.112)
a

Orkyna B 0i-KoMiioHeHTe 3-s 1pousBogHasi? [Tosyamm:

0 L i, 1., a 0
(9.113)
O;h; — O:h' = a®167G(p + p)V;" (9.115)

d;hi; = 0,0;( W[ +o,W}) = 8,[0,0W/ +9,0,W] ] =
= 0,0;,0W] + 0,AW;" (9.116)

aj@inT = —kikjoT = ( (momepeunocts)  (9.117)
h = iijWjT = ( (momepedHOCTD ) (9.118)
0,AWT = 167Ga*(p + p)V" (9.119)

VLTI
—k*0,W! = 167Ga*(p + p)V/! (9.120)

13 KoBapmaHTHBIX COXpaHEHNI HETPUBUAJILHO OJHO:

/

Al(p+p)V;'] +4%(p+p)vf =) (9.121)

Vpasuerne (9.112) sapnsercs ciencrsuem (9.121) u
(9.111).

Omroponnoe ypasuenue (9.111) (p = 0) mmeer perire-
HueM J1Io0y10 (PYHKIMIO X, He 3aBUCAIIYIO OT 1) — 3TO
qucTasl KaJIubdpoBKa.

Verpangercs npeobpazopanuem (cm. (9.41)):

& =W/ (x), &=0 (9.122)

hij = B — QM€Y — ¢ — 2m N % N

O
= oW + oW —aw] — oW — 2, W= =0
(9.123)

BekTopHbIe MOZIBI I'PAB. [I0JIA B OTCTYTCBUN NCTOYHIKOB
He PaCIPOCTPAHAIOTCS!



