
Ëåêöèÿ 5

Ïàðàìåòð çàìåäëåíèÿ è òåìíàÿ ýíåðãèÿ. Ìîäåëü ΛCDM .
Âðåìåííàÿ øêàëà òðåõ îñíîâíûõ ýïîõ Âñåëåííîé è ôóíêöèÿ z(t).
Óãëîâîé ðàçìåð, ñòàíäàðòíûå ëèíåéêè è ñòàíäàðòíûå ñèðåíû.
Òåðìîäèíàìèêà Âñåëåííîé.
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Ïëîùàäü 2-ñôåðû â 3-ïëîñêîì ïðîñòðàíñòâå,
3-ñôåðå è 3-ïñåâäîñôåðå

1. Äëèíà îêðóæíîñòè ðàäèóñà ρ íà 2-ïëîñêîñòè

  



 Cρ = 2πρ = 2πr(ρ)
(5.1)

r(ρ) = a
(ρ
a

)
= aχ(ρ)

(5.2)
a � ïðîèçâîëüíûé ìàñøòàáíûé ôàêòîð

2. Äëèíà îêðóæíîñòè ðàäèóñà ρ íà 2-ñôåðå

Cρ = 2πr(ρ) (5.3)

r(ρ) = a sin
(ρ
a

)
= a sinχ(ρ) (5.4)

a � ðàäèóñ

3. Ïëîùàäü 2-ñôåðû â 3-ïëîñêîñòè

Sρ = 4πρ2 = 4πr2(ρ) (5.5)

r(ρ) = a
(ρ
a

)
= aχ(ρ) = aχ(ρ(z)) (5.6)

4. Ïëîùàäü 2-ñôåðû â 3-ñôåðå

Sρ = 4πr2(ρ) (5.7)

r(ρ) = a sin
(ρ
a

)
= a sinχ(ρ) = a sinχ(ρ(z)) (5.8)

5. Ïëîùàäü 2-ñôåðû â 3-ïñåâäîñôåðå

Sρ = 4πr2(ρ) (5.9)

r(ρ) = a sh
(ρ
a

)
= a shχ(ρ) = a shχ(ρ(z)) (5.10)



S(z) = 4πr2(z) (5.11)

r(z) =

{
aχ(z) − 3-ïëîñêîñòü
a sinχ(z) − 3-ñôåðà
a shχ(z) − 3-ïñåâäîñôåðà

(5.12)

χ(z) =
ρ(z)

a
(5.13)

χ(z) � êîîðäèíàòíîå ðàññòîÿíèå îò èñòî÷íèêà,
èçëó÷èâøåãî ïðè êðàñíîì ñìåùåíèè z
(ìîìåíò âðåìåíè ti) äî ïðèåìíèêà íà Çåìëå.

Âû÷èñëåíèå r(z)

Êîîðäèíàòíîå ðàññòîÿíèå äî èñòî÷íèêà, èçëó÷èâøå-
ãî â ìîìåíò ti, è ïðèíÿòîãî íà Çåìëå â ìîìåíò t0:

x = χ =

∫ t0

ti

dt

a(t)
; χ(z) =? (5.14)

z(t) =
a0

a(t)
− 1⇒ dz = −a0

a2
ȧ dt⇒ dt = − a2

a0ȧ
dz ⇒

(5.15)

χ(z) =

∫ 0

z

(
− a2

a0ȧ

)
dz

1

a
=

∫ z

0

dz

a0(ȧ/a)
=

=

∖(
ȧ

a

)2

= H2
0

[
ΩM

(a0

a

)3

+ ΩΛ + Ωcurv

(a0

a

)2
]

;

(ïðåíåáðåãëè èçëó÷åíèåì);
a0

a
= z + 1

∖
=

=

∫ z

0

dz

a0H0

√
ΩM(1 + z)3 + ΩΛ + Ωcurv(1 + z)2

(5.16)

Ðåçóëüòàò:

κ = 0 :

r(z) =
1

H0

∫ z

0

dz√
ΩM(1 + z)3 + ΩΛ

; ΩM + ΩΛ = 1 (5.17)

κ = +1 :

r(z) = a0 sin

[∫ z

0

dz

a0H0

√
ΩM(1 + z)3 + ΩΛ + Ωcurv(1 + z)2

]
(5.18)

κ = −1 :

r(z) = a0 sh

[∫ z

0

dz

a0H0

√
ΩM(1 + z)3 + ΩΛ + Ωcurv(1 + z)2

]
(5.19)



Ìîæíî èç Ï.×. èñêëþ÷èòü H0:

Ωcurv =
ρ0
curv

ρc
=

1

ρc

(
−κ
a2

0

)
3

8πG
=

=
8πG

3H2
0

(
−κ
a2

0

)
3

8πG
= − 1

H2
0

κ
a2

0

⇒ (5.20)

H0a0 = 1/
√
−κΩcurv (5.21)

H0r(z) � âûðàæåíèå r(z) â åñòåñòâåííûõ êîñìîëîãè-
÷åñêèõ åäèíèöàõ:

κ = 0 :

H0r(z) =

∫ z

0

dz√
ΩM(1 + z)3 + ΩΛ

; ΩM + ΩΛ = 1 (5.22)

κ = +1 :

H0r(z) =

1√
−Ωcurv

sin

[∫ z

0

√
−Ωcurvdz√

ΩM(1 + z)3 + ΩΛ + Ωcurv(1 + z)2

]
(5.23)

κ = −1 :

H0r(z) =

1√
Ωcurv

sh

[∫ z

0

√
Ωcurvdz√

ΩM(1 + z)3 + ΩΛ + Ωcurv(1 + z)2

]
(5.24)

Íàáëþäàåìàÿ ÿðêîñòü

J(z) =
L

4π[(z + 1)r(z)]2
⇒ (5.25)

r(z) =
1

z + 1

√
L

4πJ(z)
⇒ (5.26)

H0r(z; ΩM ,ΩΛ,Ωcurv) =
H0

z + 1

√
L

4πJ(z)
(5.27)

ßðêîñòíîå ðàññòîÿíèå: DL = (z + 1)r(z).

Åñëè åñòü ¾ñòàíäàðòíàÿ ñâå÷à¿ L, òî H0r(z) ìîæíî
èçìåðèòü.

  

Â ïëîñêîé âñåëåííîé ïðè áÎëüøèõ Λ ïðè îäíîì è
òîì æå z ðàññòîÿíèå r(z) áîëüøå � ñâåðõíîâûå òóñê-
ëåå.



Ñòàíäàðòíûå ñâå÷è � ñâåðõíîâûå òèïà Ia.

A.G. Riess et. al. The Astronomical Journal, 116 : 1009-
1038, 1998.

M −m � ñâåòèìîñòü (÷åì áîëüøå, òåì òóñêëåå)
Ýêñïåðèìåíò íå ñîãëàñóåòñÿ ñ ïðåäïîëîæåíè-
åì, ÷òî Âñåëåííàÿ çàïîëíåíà òîëüêî ìàòåðèåé.

Íàçàä ê ïàðàìåòðó çàìåäëåíèÿ

Âî âòîðîì ïîðÿäêå ïî z F

r(z) ∼=
1

H0

[
z − z2

2

(
1 +

ΩM − 2ΩΛ

2

)]
(5.28)

Èç (4.109):

q0 =
ΩM − 2ΩΛ

2
⇒ (5.29)

r(z) ∼=
1

H0

[
z − z2

2
(1 + q0)

]
(5.30)

q0 îïðåäåëÿåòñÿ ïðÿìî ïî êðèâîé r(z), q0 < 0⇒
íå çàìåäëåíèå, à óñêîðåíèå!

Èìååòñÿ ïðèáëèçèòåëüíîå âûðîæäåíèå ïî ΩM è ΩΛ
ïðè ìàëûõ z ⇒
×åì áîëüøå z, òåì òî÷íåå îïðåäåëåíèå q0.



A.G. Riess et. al. The Astronomical Journal, 116 : 1009-
1038, 1998.

Îãðàíè÷åíèÿ íà ΩM è ΩΛ ïî îäíèì òîëüêî ñâåðõíî-
âûì Ia.

Íåëüçÿ ëè íàéòè ñòàíäàðòíûå ñâå÷è ïîÿð÷å?

Ìîæíî ëè èñïîëüçîâàòü ãàììà-áàðñòåðû êàê
ñòàíäàðòíûå ñâå÷è ïðè áîëüøèõ z?

Ïîêà åñòü ïðîáëåìû.



ΛCDM-ìîäåëü � ñòàíäàðòíàÿ ìîäåëü êîñìîëî-
ãèè

ΛCDM � Λ Cold Dark Matter

(Íåêîòîðûå) ïàðàìåòðû ñòàíäàðòíîé ìîäåëè

ΩM = 0.309± 0.006 (ΩB ≈ 0.05, ΩCDM ≈ 0.26)(5.31)
ΩΛ = 0.691± 0.006 (5.32)

Ωrad . 10−4 (5.33)
|Ωcurv| < 0.005 (5.34)

h = 0.6780± 0.0077 (5.35)
w = −1.006± 0.045 (5.36)

1. Óðàâíåíèå ñîñòîÿíèÿ òåìíîé ýíåðãèè:

p = wρ (5.37)

w = −1 ⇒ òåìíàÿ ýíåðãèÿ åñòü â òî÷íîñòè âàêóóì-
íûé êîñìîëîãè÷åñêèé ÷ëåí. Èíà÷å ¾êâèíòýññåíöèÿ¿
(w > −1, ñêàëÿðíîå ïîëå) èëè ¾ôàíòîìíàÿ ýíåðãèÿ¿
(w < −1, íåïîíÿòíî ÷òî ⇒
Áîëüøîé ðàçðûâ, Big Rip).

2. Îöåíêà Ωrad

Ωγ =
ργ
ρc

(5.38)

¾Çàêîí Ñòåôàíà-Áîëüöìàíà¿

ργ = 2
π2

30
T 4

0 , T0 = 2.725 Ko (5.39)

ρc =
3

8πG
H2

0 ; h = 0.68⇒ (5.40)

Ωγ = 0.53 · 10−4 ⇒ Ωrad ' 10−4 (5.41)

(Ïðîâåðüòå F)

Îñíîâíûå ôàçû ýâîëþöèè Âñåëåííîé

Óðàâíåíèå Ôðèäìàíà:(
ȧ

a

)2

= H2
0

[
ΩM

(a0

a

)3

+ Ωrad

(a0

a

)4

+ ΩΛ + Ωcurv

(a0

a

)2
]

(5.42)

1. Ïðè a→ 0 äîìèíèðóåò ðàäèàöèîííûé ÷ëåí Ωrad

⇒
ðàäèàöèîííî-äîìèíèðîâàííàÿ ñòàäèÿ, ýðà äîìè-
íèðîâàíèÿ óëüòðàðåëÿòèâèñòñêîé ìàòåðèè, ¾Ãî-
ðÿ÷èé Áîëüøîé âçðûâ¿

2. Ïîòîì äîìèíèðóåò ÷ëåí ΩM ⇒
ýðà äîìèíèðîâàíèÿ (õîëîäíîé íåðåëÿòèâèñò-
ñêîé) ìàòåðèè, ýðà ïûëåâèäíîé ìàòåðèè

3. Ïîòîì äîìèíèðóåò ÷ëåí ΩΛ ⇒
ýðà ÄåÑèòòåðà

Â ïåðâîì ïðèáëèæåíèè åñòü âñåãî òðè îñíîâ-
íûå ôàçû ýâîëþöèè, ñâÿçàííûå ñîîòâåòñòâåííî ñ
Ωrad,ΩM ,ΩΛ.



Îò ðàäèàöèîííî-äîìèíèðîâàííîé ñòàäèè ê
ñòàäèè õîëîäíîé ìàòåðèè

(
ȧ

a

)2

=
8π

3
Gρc

[
ΩM

(a0

a

)3

+ Ωrad

(a0

a

)4
]

(5.43)

ΩM

(a0

a

)3

∼ Ωrad

(a0

a

)4

⇒ aeq (5.44)

a0

aeq
∼ ΩM

Ωrad
∼ 0.3

10−4
= 1 + zeq ⇒ (5.45)

zeq ≈ 3 · 103 (5.46)

Teq
T0

= 1 + zeq ⇒ Teq = T0(1 + zeq) ≈ 104 Ko ∼ 1 ýÂ

(5.47)

Êàê íàéòè âðåìÿ teq?

� Íå ñîâñåì ïðîñòî, ÷åðåç òåìïåðàòóðó.

MPl =

√
~c
G

=
1√
G
⇒ G =

1

M 2
Pl

(5.48)

[G] = [ÃýÂ]−2 = [M ]−2 (5.49)

MPl = 1.6 · 1019 ÃýÂ = 2.2 · 10−5 ã F (5.50)

¾Çàêîí Ñòåôàíà-Áîëüöìàíà¿ äëÿ ôîòîíîâ è íåéòðè-
íî (äðóãèõ ÓÐ ÷àñòèö íåò):

ρrad =
π2

30
g∗T

4 (5.51)

g∗ � ýôôåêòèâíîå ÷èñëî ñòåïåíåé ñâîáîäû (ñòàò. âåñ)
ôîòîíîâ è íåéòðèíî:

g∗ = 2 +
21

4

(
4

11

)4/3

≈ 3.36 (ïîëó÷èì ïîòîì) (5.52)

(
ȧ

a

)2

=
8π

3
Gρ (5.53)

T = (1 + z)T0 (5.54)

Heq =

√
8π

3
Gρ =

√
8π

3
G 2ρrad =

√
8π

3
G 2

π2

30
g∗T 4 =

= T 2
√

2

√
8π3

90
g∗

1

M 2
Pl

=
T 2

M ∗
Pl

√
2 =

[(1 + zeq)T0]2

M ∗
Pl

√
2

(5.55)

M ∗
Pl =

MPl√
8π3

90 g∗
(5.56)

Íà ðàäèàöèîííî-äîìèíèðîâàííîé ñòàäèè

teq =
1

2Heq
=

1

2

M ∗
Pl

[(1 + zeq)T0]2

√
2 ≈ 120000 ëåò (5.57)



Îò äîìèíèðîâàíèÿ ìàòåðèè ê ôàçå ÄåÑèòòåðà
� îò çàìåäëåíèÿ ê óñêîðåíèþ

Èùåì òî÷êó ïåðåãèáà a(t):(
ȧ

a

)2

=
8π

3
Gρc

[
ΩM

(a0

a

)3

+ ΩΛ

]
(5.58)

ȧ2 =
8π

3
Gρc

(
ΩM

a3
0

a
+ ΩΛa

2

)
(5.59)

2ȧä =
8π

3
Gρc

(
−ΩM

a3
0

a2
ȧ + 2aȧΩΛ

)
(5.60)

ä = 0⇒
(a0

a

)3

=
2ΩΛ

ΩM
(5.61)

z =
a0

a
−1 = 3

√
2ΩΛ

ΩM
−1 =

3

√
2 · 0.69

0.31
−1 = 0.65 (5.62)

t =?

Ðåøåíèå äëÿ ΩM ,ΩΛ 6= 0, Ωcurv = Ωrad = 0(
ȧ

a

)2

= H2
0

[
ΩM

(a0

a

)3

+ ΩΛ

]
, ΩM + ΩΛ = 1 (5.63)

Ïðîâåðÿåòñÿ ïîäñòàíîâêîé:

a(t) = a0

(
ΩM

ΩΛ

)1/3 [
sh

(
3

2

√
ΩΛH0t

)]2/3

(5.64)

a0

a(t)
= z + 1 =

(ΩΛ/ΩM)1/3[
sh
(

3
2

√
ΩΛH0t

)]2/3 ⇒ (5.65)

t =
2

3H0

√
ΩΛ

arsh

[(
1

z + 1

)3/2√
ΩΛ

ΩM

]
(5.66)

Âîçðàñò Âñåëåííîé

z = 0 ⇒ t0 =
2

3H0

√
ΩΛ

arsh

(√
ΩΛ

ΩM

)
(5.67)

ΩΛ = 0.691, ΩM = 0.309, h = 0.678⇒
t0 = 13.80 · 109 ëåò (5.68)

Âîçðàñò ïåðåõîäà îò çàìåäëåíèÿ ê óñêîðåíèþ

z + 1 = 1.65⇒ t = 7.61 · 109 ëåò (5.69)

t0 − t = 6.2 · 109 ëåò (5.70)



Êðàñíîå ñìåùåíèå - âîçðàñò

z t t0-t
0.01 13.66 0.1433
0.01259 13.62 0.18
0.01585 13.57 0.2261
0.01995 13.51 0.2838
0.02512 13.44 0.3559
0.03162 13.35 0.446
0.03981 13.24 0.5582
0.05012 13.1 0.6975
0.0631 12.93 0.8701
0.07943 12.72 1.083
0.1 12.46 1.344
0.1259 12.14 1.661
0.1585 11.75 2.045
0.1995 11.29 2.504
0.2512 10.75 3.047
0.3162 10.12 3.677
0.3981 9.401 4.397
0.5012 8.597 5.201
0.631 7.724 6.075
0.7943 6.803 6.996
1 5.865 7.934
1.259 4.946 8.853
1.585 4.08 9.719
1.995 3.294 10.5
2.512 2.608 11.19
3.162 2.028 11.77
3.981 1.552 12.25
5.012 1.172 12.63
6.31 0.875 12.92
7.943 0.6468 13.15
10 0.4743 13.32

Òåñò óãëîâîãî ðàçìåðà è ñòàíäàðòíûå ëèíåéêè

  



z

D

Ñòàíäàðòíûå ëèíåéêè ⇒ ∆θ(z)→ ΩM ,ΩΛ,Ωcurv.
Ñòàíäàðòíûå ëèíåéêè ñóùåñòâóþò � àêóñòè÷åñêèå
ïèêè.

1. Ïëîñêîå ïðîñòðàíñòâî

ds2 = a2(t)(dη2 − dx2) (5.71)

Â êîíôîðìíûõ êîîðäèíàòàõ âñå êàê â ïëîñêîé ñòà-
òèêå:

∆θ =
Dconf

x(z)
(5.72)

D = Dconfa(t)⇒ Dconf =
D

a(t)
(5.73)

∆θ =
D

a(t)x(z)
=

a0

a(t)

D

a0x(z)
=
z + 1

x(z)

D

a0
=

= \a0x(z) = r(z), (5.17)\ = DH0
z + 1∫ z

0

[ΩM(z + 1)3 + ΩΛ]−1/2dz

(5.74)



∆θ(z) = DH0
z + 1∫ z

0

[ΩM(z + 1)3 + ΩΛ]−1/2dz
(5.75)

Êàê ñåáÿ âåäåò ∆θ(z)?
• z � 1

∆θ(z) ∼= DH0

√
ΩM + ΩΛ

1

z
= DH0

1

rH0
=
D

r
(5.76)

� óáûâàåò, êàê è îæèäàåòñÿ.

• z � 1

∫ z

0

[ΩM(z+1)3+ΩΛ]−1/2dz ∼=
∫ z

0

[ΩM(z+1)3]−1/2dz =

=
1

2
√

ΩM

(
1− 1√

z + 1

)
⇒ (5.77)

∆θ(z) ∼= 2DH0

√
ΩM

z + 1

1− 1√
z+1

≈ 2DH0

√
ΩM(z + 1)

(5.78)
1) Óãëîâîé ðàçìåð ðàñòåò ñ ðîñòîì ðàññòîÿíèÿ!
• Ïðè z ∼ 1.5 óãëîâîé ðàçìåð äîñòèãàåò ìèíèìóìà
(èùåòñÿ ÷èñëåííî).

2) Åñëè èçâåñòíû D è z, òî îïðåäåëÿåòñÿ ΩM !

ΩM =

(
∆θ(z)

2DH0(z + 1)

)2

(5.79)

2. 3-ñôåðà

Dconf =
D

a
=
a sinχ∆θ

a
= sinχ∆θ ⇒ (5.80)

∆θ =
Dconf

sinχ
=

D

a(t) sinχ
=

a0

a(t)

D

a0 sinχ
=
D(z + 1)

a0 sinχ
=

=
D

a0

z + 1

sin

[∫ z
0

dz

a0H0

√
ΩM (1+z)3+ΩΛ+Ωcurv(1+z)2

] (5.81)

3. 3-ïñåâäîñôåðà

∆θ =
D

a0

z + 1

sh

[∫ z
0

dz

a0H0

√
ΩM (1+z)3+ΩΛ+Ωcurv(1+z)2

] (5.82)

∆θ = ∆θ(z,D,ΩM ,ΩΛ,Ωcurv) (5.83)



¾Ñòàíäàðòíûå ñèðåíû¿ - ãðàâèòàöèîííûå ñèã-
íàëû îò ñëèÿíèÿ ÷åðíûõ äûð è íåéòðîííûõ
çâåçä
(gravitational wave standard sirens)

LIGO detector

Ðåãèñòðèðóþòñÿ íàçåìíûìè äåòåêòîðàìè ãðàâèòàöè-
îííûõ âîëí ñ ðàññòîÿíèé z ∼ 0.1.

Óâåëè÷åíèå ÷óâñòâèòåëüíîñòè àíòåíí â áóäóùåì óâå-
ëè÷èò ðàññòîÿíèå.

Ïî ïðîôèëþ ãðàâèòàöèîííîãî âñïëåñêà ñ õîðîøåé
òî÷íîñòüþ âîññòàíàâëèâàþòñÿ ìàññû ÷åðíûõ äûð è
èõ ìîìåíòû ⇒ àáñîëþòíàÿ ýíåðãåòèêà âñïëåñêà.

Ïî çàìåäëåíèþ êîëåáàíèé âîññòàíâëèâàåòñÿ z.

Àáñîëþòíàÿ ýíåðãåòèêà âñïëåñêà + z + íàáëþäàåìàÿ
àìïëèòóäà = ¾ñòàíäàðòíàÿ ñèðåíà¿.



Òåðìîäèíàìèêà (ãîðÿ÷åé) Âñåëåííîé

Õèìè÷åñêèé ïîòåíöèàë â ðàâíîâåñèè

dE = −PdV + TdS +
∑
i

µidNi = 0 (5.84)

Òåðìîäèíàìè÷åñêîå È õèìè÷åñêîå ðàâíîâåñèå:
Ïðåâðàùåíèå ÷àñòèö ìíîãî áûñòðåå ðàñøèðåíèÿ Âñå-
ëåííîé:

dV = dS = 0 ⇒
∑
i

µidNi = 0 (5.85)

Ïðèìåð ðåàêöèè â ðàâíîâåñèè:

A1 + A2 ↔ B1 + B2 (5.86)

Ïðåäïîëîæèì ìàëûé âûõîä èç õèìè÷åñêîãî ðàâíî-
âåñèÿ, dN 6= 0:

µA1dN + µA2dN − µB1dN − µB1dN = 0 ⇒
⇒ µA1 + µA2 = µB1 + µB2 (5.87)

Â îáùåì ñëó÷àå:

A1 + · · · + An ↔ B1 + · · · + Bm ⇒
⇒ µA1 + · · · + µAn = µB1 + · · · + µBn (5.88)

Ïîëåçíûå ñëåäñòâèÿ:

e + e↔ e + e + γ + · · · + γ ⇒ µγ = 0 (5.89)

b + b̄ = 2γ ⇒ µb = −µb̄ (5.90)

Ðàñïðåäåëåíèÿ Ôåðìè-Äèðàêà è Áîçå-
Ýéíøòåéíà â èìïóëüñíîì ïðåäñòàâëåíèè
(èäåàëüíûå ãàçû)

Îáû÷íàÿ çàïèñü ðàñïðåäåëåíèé ÔÄ è ÁÝ èäåàëüíîãî
ãàçà:

Ni =
gi

e(Ei−µ)/T ± 1
; +ÔÄ
−ÁÝ (5.91)

• Ni � ÷èñëî ÷àñòèö â ýíåðãåòè÷åñêîì ÿùèêå íîìåð
i ñ ýíåðãèåé Ei

• gi � ÷èñëî ìèíèìàëüíûõ ÿ÷ååê ôàçîâîãî ïðîñòðàí-
ñòâà îäíîé ÷àñòèöû â ýòîì ÿùèêå (ñòàò. âåñ ÿùèêà).

Ðàññìàòðèâàåì îáúåì V ñ îäíîðäíûì ãàçîì ÷àñòèö.
Ýíåðãåòè÷åñêèé ÿùèê dΓ = d3rd3p âáëèçè ýíåðãèè
E.
Òîãäà

gi =
dΓ

a
g (5.92)

• a � îáúåì ìèíèìàëüíîé ÿ÷åéêè ôàçîâîãî ïðîñòðàí-
ñòâà ÷àñòèöû
• g � ñòàòèñòè÷åñêèé âåñ (êîëè÷åñòâî) âíóòðåíèèõ
ñîñòîÿíèé ÷àñòèöû (ñïèí, ñïèðàëüíîñòü)

dN =
g

a

dΓ

e(E−µ)/T ± 1
(5.93)

Èç êâ.ìåõ.:

a = h3 = (2π)3~3 ≡ (2π)3 (5.94)

Ðàñïðåäåëåíèå îäíîðîäíî âíóòðè V ⇒
íåò çàâèñèìîñòè îò êîîðäèíàò è â dΓ ìîæíî âêëþ-
÷èòü âåñü V :

dΓ = V d3p ⇒ (5.95)



dN =
1

(2π)3
g

V d3p

e[E(p)−µ]/T ± 1
(5.96)

Ìîæíî ïåðåïèñàòü êàê ïëîòíîñòü ðàñïðåäåëåíèÿ èì-
ïóëüñà:

1

V

dN

d3p
≡ f (p) =

g

(2π)3

1

e[E(p)−µ]/T ± 1
= f (E(p))

(5.97)
Íîðìèðîâêà:∫

f (p)d3p = n− ÷èñëî ÷àñòèö â 1 îáúåìà (5.98)

Êàê âûðàæàþòñÿ n, ρ, p ÷åðåç f (E)?

Äëÿ ÷àñòèö òèïà i→ fi(p)

Ei(p) =
√
p2
i + m2

i ⇒ EidEi = pidpi (5.99)

Èíòåãðèðóÿ ïî óãëàì � ïëîòíîñòü ÷èñëà ÷àñòèö ÷åðåç
ðàñïðåäåëåíèå ïî ýíåðãèè:

ni =

∫
fi(p)d3p =

∫
fi(p) 4πp2 dp =

= 4π

∫
fi(E)

√
E2 −m2

i EdE (5.100)

Ïëîòíîñòü ýíåðãèè

ρi =

∫
fi(p)E(p)d3p = 4π

∫
fi(E)

√
E2 −m2

i E
2dE

(5.101)

Äàâëåíèå

  

p

Z

S

Êîëè÷åñòâî ÷àñòèö ñ èìïóëüñîì â d3p îêîëî p, íàëå-
òàþùèõ ñ îäíîé ñòîðîíû çà ∆t:

∆ni = vzfi(p)d3p∆S∆t (5.102)

pz =
mvz√
1− v2

; E =
m√

1− v2
;⇒ vz =

pz
E

(5.103)

Îò îäíîé ÷àñòèöû ïëîùàäêà ïîëó÷àåò ïîëó÷àåò èì-
ïóëüñ ∆pz = 2pz ⇒
Äàâëåíèå åñòü ïåðåäàííûé èìïóëüñ ÷åðåç åäèíèöó
ïëîùàäè â åäèíèöó âðåìåíè (pi ñëåâà - äàâëåíèå!):

pi =

∫
pz>0

2pz
pz
E
fi(p)d3p =

∖
p2
z =

1

3
p2, 2→ 1

∖
=

=
4π

3

∫ ∞
0

p4dp

E(p)
fi(p) =

4π

3

∫ ∞
0

fi(E)(E2 −mi)
3/2dE

(5.104)



Îñíîâíûå ôîðìóëû:

f (E) =
g

(2π)3

1

e(E−µ)/T ± 1
(5.105)

ni = 4π

∫ ∞
0

fi(E)
√
E2 −m2

i EdE (5.106)

ρi = 4π

∫ ∞
0

fi(E)
√
E2 −m2

i E
2dE (5.107)

pi =
4π

3

∫ ∞
0

fi(E)(E2 −mi)
3/2dE (5.108)

Óëüòðàðåëÿòèâèñòñêèå ÷àñòèöû: T � mi, µi = 0

Èç (5.107):

ρi = 4π

∫ ∞
0

gi
(2π)3

1

eE/T ± 1
E3dE =

=
gi

2π2
T 4

∫ ∞
0

z3

ez ± 1
dz (5.109)

Òàáëè÷íûå èíòåãðàëû:∫ ∞
0

z2n−1

ez + 1
dz =

22n−1 − 1

2n
π2nBn (5.110)∫ ∞

0

z2n−1

ez − 1
dz =

(2π)2n

4n
Bn (5.111)

B1 =
1

6
, B2 =

1

30
, B3 =

1

42
(5.112)

n = 2⇒ ∫ ∞
0

z3

ez + 1
=

7

4
π4 1

30
(5.113)∫ ∞

0

z3

ez − 1
= 2π4 1

30
(5.114)

Îáúåìíàÿ ôîðìóëà Ñòåôàíà-Áîëüöìàíà äëÿ ÓÐ-
÷àñòèö òèïà i:

ρi =


7

8
gi
π2

30
T 4 − Ôåðìè-Äèðàê

gi
π2

30
T 4 − Áîçå-Ýéíøòåéí

(5.115)


