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Ïîëíàÿ ñèñòåìà óðàâíåíèé èçîòðîïíîé êîñìî-
ëîãèè:(
ȧ

a

)2

=
8π

3
G(ρ + Λ)− κ

a2
(óðàâíåíèå Ôðèäìàíà)

(4.1)

ρ̇+ 3
ȧ

a
(ρ+ p) = 0 (êîâàðèàíòíîå ñîõðàíåíèå) (4.2)

p = p(ρ) (óðàâíåíèå ñîñòîÿíèÿ) (4.3)

Ðåøåíèÿ óðàâíåíèé èçîòðîïíîé îäíîðîäíîé
êîñìîëîãèè

Ðåøåíèÿ äëÿ κ = 0, Λ = 0

(
ȧ

a

)2

=
8π

3
Gρ (4.4)

Íåðåëÿòèâèñòñêàÿ ïûëü
Óðàâíåíèå ñîñòîÿíèÿ:

p = 0 (4.5)

Èç (4.2):

ρ̇

ρ
= −3

ȧ

a
⇒ d(ln ρ) = d(ln a−3) ⇒ (4.6)

ρ =
const

a3
(ñîõðàíåíèå ÷èñëà ÷àñòèö) (4.7)

Èç (4.4):(
ȧ

a

)2

=
const

a3
⇒ a(t) = const′(t− ts)2/3 (4.8)

Ïðè t = ts a(t) = 0 � ñèíãóëÿðíîñòü.

t

a(t)

t
S



Áóäåì ïîëàãàòü ts = 0:

a(t) = const t2/3 (4.9)

ρ =
const

t2
(4.10)

Â ìîìåíò ñèíãóëÿðíîñòè ïðîñòðàíñòâî áûëî ïëîñêèì
è áåñêîíå÷íûì, ïëîòíîñòü áûëà áåñêîíå÷íîé.
Ïîñòîÿííóþ â (4.10) ìîæíî íàéòè:

ȧ

a
=

const(2/3)t−1/2

const t2/3
=

2

3

1

t
⇒ ρ =

3

8πG

(
ȧ

a

)2

=
1

6πG

1

t2

(4.11)

Ïîñòîÿííàÿ Õàááëà:

H(t) =
ȧ

a
(4.12)

1/H âî âñåõ ìîäåëÿõ ïîðÿäêà âîçðàñòà Âñåëåííîé (îò
ñèíãóëÿðíîñòè!)
Â ÷àñòíîñòè, â ìîäåëè ïûëè

H(t) =
2

3

1

t
, t =

2

3

1

H(t)
(4.13)

Ñîâðåìåííîå (t0) çíà÷åíèå ïîñòîÿííîé Õàááëà:

H0 ≡ H(t0) = h× 100
êì/ñ

Ìïê
, h = 0.6774± 0.0046

(4.14)

t0 ≈ 3.0 · 1017 sec ≈ 9.6 · 109 years F (4.15)

Êîñìîëîãè÷åñêèé ãîðèçîíò

Êîíôîðìíîå âðåìÿ.

ds2 = dt2 − a2(t)δijdx
idxj = a2(t)(dη2 − δijdxidxj)

(4.16)
� êîíôîðìíî-ïëîñêàÿ ìåòðèêà.

dη = dt/a(t) (4.17)

Äëÿ ïëîñêîé ìîäåëè ñ ïûëüþ:

η(t) =

∫ t

0

dt

a(t)
=

∫ t

0

dt

const · t2/3
=

3

const
· t1/3 (4.18)

Ñâåòîïîäîáíûå ãåîäåçè÷åñêèå: ds2 = 0⇒

dη2 = δijdx
idxj = dx2 ⇒ dη = |dx| (4.19)

  

координатное пространство, x



0 горизонт, x(
0
)

свет еще 
не дошел
до нас

x(η0) = η0 = η(t0) (4.20)



lH(t0) = a(t0)x(η0) = a(t0)η(t0) =

= a(t0)

∫ t0

0

dt

a(t)
= const · t2/30

∫ t0

0

dt

const · t2/3
= 3t0 =

= 28.8 · 109 ñâ. ëåò (4.21)

(ct0 ∼ 9.6 · 109 ñâ. ëåò � ìíîãî ìåíüøå ãîðèçîíòà!)

F Ïóñòü ìû íàáëþäàåì îáúåêò ñ âîçðàñòîì ∆t. Êà-
êîâî äî íåãî ðàññòîÿíèå (â ìîäåëè ïûëè)? Ïî÷åìó
äëÿ ìàëûõ ðàññòîÿíèé L ≈ c∆t?

Êðàñíîå ñìåùåíèå

Ýâîëþöèÿ ñâîáîäíîãî ýëåêòðîìàãíèòíîãî ïîëÿ

SMink = −1

4

∫
d4xF νρFνρ; Fµν = ∂µAν−∂νAµ (4.22)

S = −1

4

∫
d4x
√
−gF νρFνρ (4.23)

Fµν = ∇µAν −∇νAµ = ∂µAν − ∂νAµ (4.24)

S = −1

4

∫
d4x
√
−ggµνgλρFµλFνρ (4.25)

Â êîíôîðìíî-ïëîñêîé ìåòðèêå

ds2 = a2(η)[dη2 − δijdxidxj] (4.26)

Èìååì

gµν(η) = a2(η)ηµν (4.27)

gµν(η) =
1

a2(η)
ηµν (4.28)

√
−g = a4 (4.29)

Èç (4.25):

S = −1

4

∫
d4x a4 1

a4
ηµνηλρFµλFνρ =

= −1

4

∫
d4xηµνηλρFµλFνρ (4.30)

� ýëåêòðîìàãíèòíîå ïîëå êîíôîðìíî-èíâàðèàíòíî.
Ïëîñêàÿ âîëíà â (η, xi)-ïðîñòðàíñòâå ðàñïðîñòàíÿåò-
ñÿ êàê â ïðîñòðàíñòâå Ìèíêîâñêîãî:

A(α)
µ = e(α)

µ exp[i(|k|η − kx)] (4.31)

|k| � íå ÷àñòîòà, è k � íå âîëíîâîé âåêòîð â ôèçè÷å-
ñêîì ïðîñòðàíñòâå!
Íî ìîæíî ïåðåéòè ê ôèçè÷åñêèì âåëè÷èíàì:

∆η =
2π

k
− êîíôîðìíûé ïåðèîä,

íå çàâèñèò îò âðåìåíè (4.32)

∆T (t) = a(t)∆η − ôèçè÷åñêèé ïåðèîä,

ðàñòåò ïðîïîðöèîíàëüíî a(t) (4.33)

ω(t) =
2π

∆T (t)
=

2π

a(t)∆η
=

k

a(t)
−ôèçè÷åñêàÿ ÷àñòîòà,

ïàäàåò îáðàòíî ïðîïîðöèîíàëüíî a(t) (4.34)

Óìåíüøåíèå ÷àñòîòû � êðàñíîå ñìåùåíèå.



Ýâîëþöèÿ ñêîðîñòè ñâîáîäíûõ ÷àñòèö

Êîîðäèíàòíàÿ ñêîðîñòü ÷àñòèöû îòëè÷íà îò íóëÿ:

ui =
dxi

ds
6= 0; ds2 = dt2 − δijxixj (4.35)

Ôèçè÷åñêàÿ ñêîðîñòü ÷àñòèöû:

dX i = a(t)dxi ⇒ U i =
dX i

ds
= a(t)ui (4.36)

duµ

ds
+ Γµνλu

νuλ = 0⇒
∖

Γijk = 0
∖
⇒ (4.37)

dui

ds
+ 2Γi0ju

0uj = 0 (4.38)

Γi0j = δij
ȧ

a
⇒ dui

ds
+ 2

ȧ

a

dt

ds
ui = 0 (4.39)

dui

ds
=
dt

ds

dui

dt
=
dt

ds

d

dt

(
U i

a

)
=
dt

ds

(
dU i

dt

1

a
− ȧ

a2
U i

)
(4.40)

dt

ds

(
dU i

dt

1

a
− ȧ

a2
U i

)
+ 2

ȧ

a

dt

ds

1

a
U i = 0 (4.41)

dU i

dt
= −ȧ

a
U i (4.42)

dU i

U i
= −da

a
⇒ U i =

const

a(t)
= U i(ti)

a(ti)

a(t)
(4.43)

Ñêîðîñòü (è èìïóëüñ pi = mUi, íî íå ýíåðãèÿ!) ìàñ-
ñèâíûõ ÷àñòèö ïàäàåò êàê 1/a(t).

• Âñå èìïóëüñû ïàäàþò êàê 1/a(t)!

Êðàñíîå ñìåùåíèå z îïðåäåëÿåòñÿ ÷åðåç èçìåíåíèå
÷àñòîòû ñâåòà:

ωi
ω0

= 1 + z(ti) =
a(t0)

a(ti)
⇒ (4.44)

z(ti) =
a(t0)

a(ti)
− 1 (4.45)

Çàêîí Õàááëà

ti áëèçêî â ïðîøëîì ê t0

a(ti) = a(t0) + (ti − t0)ȧ(t0) =

= a(t0)

[
1− (t0 − ti)

ȧ(t0)

a(t0)

]
=

= a(t0)[1− (t0 − ti)H0] (4.46)

z(ti) =
a(t0)

a(t0)[1− (t0 − ti)H0]
− 1 ∼= (t0 − ti)H0 (4.47)

Íî t0 − ti = r ⇒

z(ti) = rH0 (4.48)



Êîñìîëîãè÷åñêîå êðàñíîå ñìåùåíèå � íå Äîïïëåðîâ-
ñêîå!

Ýòî ñëåäóåò òàêæå èç êîíòåêñòà, â êîòîðîì îòíîñè-
òåëüíûå ñêîðîñòè ìîãóò ïðåâûøàòü ñêîðîñòü ñâåòà.

ds2 = dt2 − a2(t)dl2 (4.49)

Ïîìåñòèì ñåáÿ â òî÷êó 0, ìîìåíò âðåìåíè t0.
Ôèçè÷åñêîå ðàññòîÿíèå äî òî÷êè íà êîîðäèíàòíîì
ðàññòîÿíèè l

r(t0) = a(t0)l (ýòî òî÷íîå ðàâåíñòâî) (4.50)

ṙ(t0) = v(t0) = ȧl (4.51)

� ñêîðîñòü ìîæåò áûòü ñêîëü óãîäíî âåëèêà ïðè äî-
ñòàòî÷íî áîëüøîì l!
Ýôôåêò Äîïïëåðà íå îïèñûâàåò òàêóþ ñèòóàöèþ.

Îòêóäà áåðåòñÿ èëëþçèÿ ýôôåêòà Äîïïëåðà?

Ýôôåêò Äîïïëåðà äëÿ ìàëûõ v åñòü:

∆ω

ω
=
v

c
≡ v = ȧl =

(
ȧ

a

)
al = Hr (4.52)

Äëÿ ìàëûõ ðàññòîÿíèé êîñìîëîãè÷åñêîå êðàñíîå
ñìåùåíèå âûãëÿäèò êàê ýôôåêò Äîïïëåðà (è îøè-
áî÷íî òðàêòóåòñÿ êàê ýôôåêò Äîïïëåðà).

Êàê ìû âèäèì ãîðèçîíò?

  

пространство

t

t0 горизонт, lH

Äëÿ ãîðèçîíòà ti = 0⇒

z(0) =
a(t0)

a(0)
− 1 =

a(t0)

0
− 1 =∞ (4.53)

Ãîðèçîíò âèäåí ïðè áåñêîíå÷íîì êðàñíîì ñìåùåíèè
� êàê áû óäàëÿþùèéñÿ ñî ñêîðîñòüþ ñâåòà



Óëüòðàðåëÿòèâèñòñêîå âåùåñòâî, ïëîñêàÿ âñå-
ëåííàÿ

p =
1

3
n〈vP 〉 − äëÿ ëþáîãî ãàçà (4.54)

Óëüòðàðåëÿòèâèñòñêèé (ÓÐ) ãàç:

E2 = m2 + P 2 ≈ P 2 ⇒ P ∼= E, v ∼= 1⇒ (4.55)

p =
1

3
nE =

1

3
ρ (4.56)

p =
1

3
ρ (4.57)

Êàê ρ çàâèñèò îò a?

ρ̇ + 3
ȧ

a
(ρ + p) = 0 (ñîõð. ÒÝÈ) (4.58)

dρ

ρ
= −4

da

a
(4.59)

ρ =
const

a4
(4.60)

(íå 1/a3!) (
ȧ

a

)2

=
8π

3
Gρ =

const

a4
(4.61)

a(t) = const′t1/2 (4.62)

H(t) =
ȧ

a
=

1

2t
(4.63)

(äëÿ ïûëè áûëî 2
3t)

ρ =
3

8πG

(
ȧ

a

)2

=
3

32πG

1

t2
(4.64)

Ãîðèçîíò:

lH(t) = a(t)

∫ t

0

dt

a(t)
= 2t =

1

H(t)
(4.65)

(äëÿ ïûëè 2/H(t))

Âàêóóì è äå-Ñèòòåðîâñêîå ïëîñêîå ðåøåíèå

Íèêàêîé ìàòåðèè êðîìå Λ-÷ëåíà.(
ȧ

a

)2

=
8π

3
GΛ, Λ = const ≥ 0 (4.66)

Â ïëîñêîì ñëó÷àå äëÿ Λ < 0 ðåøåíèÿ íåò!

ȧ

a
= (±)

√
8π

3
GΛ = (±)HdS ⇒ (4.67)

a(t) = const× e(+)HdSt (4.68)

Ñæèìàþùèåñÿ ðåøåíèÿ íå ôèçè÷íû (?).
Ñèíãóëÿðíîñòè íåò. Êîñìîëîãè÷åñêèé ãîðèçîíò
= +∞ (òîæå íåò).

Λ âåäåò ñåáÿ êàê ïëîòíîñòü âàêóóìà:

ρ̇ + 3
ȧ

a
(ρ + p) = 0⇒ \p = −ρ\ ⇒ ρ̇ = 0 (4.69)

Ïëîòíîñòü ïîñòîÿííà (÷òî è îæèäàåòñÿ îò âàêóóìà).



ÄåÑèòòåðîâñêèé ãîðèçîíò

Êàêîâ â ìîìåíò âðåìåíè t0 ðàçìåð îáëàñòè, èç êîòî-
ðîé äîéäóò ñèãíàëû â òî÷êó x = 0 ê ìîìåíòó t > t0?

  

пространство

t

x = 0

t0

ldS(t) = a(t0)

∫ t

t0

dt′

a(t′)
=

= const× eHdSt0
∫ t

t0

dt′

const× eHdSt′
=

=
1

HdS

[
1− e−HdS(t−t0)

]
(4.70)

ldS(∞) =
1

HdS
(4.71)

Ñèãíàëû èç îáëàñòåé, êîòîðûå ñåé÷àñ äàëüøå ldS(∞)
íå äîéäóò äî òî÷êè x = 0 íèêîãäà!

Ñëó÷àè κ = +1,−1

Ïûëåâèäíàÿ ìàòåðèÿ, Λ = 0. Èç (4.2):

ρ =
const

a3
(4.72)(

ȧ

a

)2

=
8πG

3

const

a3
− κ
a2

=
amax
a3
− κ
a2

(4.73)

dt = a(t)dη ⇒
(
da

dη

)2

= amaxa− κa2 (4.74)

κ = +1
a(η) = amax sin2 η

2
(4.75)

Âñåëåííàÿ ðîæäàåòñÿ â òî÷êå è êîëëàïñèðóåò â òî÷-
êó.

  

t =

∫ η

0

a(η)dη =
amax

2
(η − sin η) (4.76)



t

a

Äëÿ κ = +1 ìîæíî ÿâíî âûðàçèòü amax ÷åðåç ìàññó
âñåëåííîé:

8πG

3
ρ =

amax
a3

(ïî îïðåäåëåíèþ, ñì. (4.73)) (4.77)

ρ× 2π2a3 = m⇒ ρ =
m

2π2a3
(4.78)

8πG

3

m

2π2a3
=
amax
a3
⇒ amax =

4

3π
mG (4.79)

κ = −1
a(η) = amax sh2 η

2
(4.80)

t =

∫ η

0

a(η)dη =
amax

2
(sh η − η) (4.81)

Êîëëàïñà íåò, âñåëåííàÿ îòêðûòà è áåñêîíå÷íà.

t

a

F Íàéäèòå àñèìïòîòèêó ðåøåíèÿ ïðè t→∞.



Çîîïàðê êîñìîëîãè÷åñêèõ ìîäåëåé

È.Ä. Íîâèêîâ. Êîñìîëîãè÷åñêèå ìîäåëè. Ôèçè÷åñêàÿ
ýíöèêëîïåäèÿ, Ò.2, ñòð. 475

Ïàðàìåòð çàìåäëåíèÿ
(èëè êàê áûëà îòêðûòà òåìíàÿ ýíåðãèÿ)

q0 = − 1

H2
0

ä

a

∣∣∣∣
t0

= −ä a
ȧ2

(4.82)

Ïûëü:

a(t) = const t2/3

ȧ(t) =
2

3
const t−1/3 (4.83)

ä(t) = −2

9
const t−4/3

q0 = +
1

2
(4.84)

Êàêîâ ïàðàìåòð çàìåäëåíèÿ â áîëåå îáùåì ñëó÷àå?
(È â ÷åì çàêëþ÷àåòñÿ ýòîò áîëåå îáùèé ñëó÷àé)?

Êðèòè÷åñêàÿ ïëîòíîñòü

Óðàâíåíèå Ôðèäìàíà:

H2(t) =

(
ȧ

a

)2

=
8π

3
G(ρ + Λ)− κ

a2
(4.85)

⇒ Ïîñòîÿííàÿ Õàááëà ñåé÷àñ:

H2
0 =

8π

3
G(ρ0 + Λ)− κ

a2
0

(4.86)

Åñëè ïðîñòðàíñòâî ïëîñêîå, κ = 0, òî

8π

3
G(ρ0 + Λ) = H2

0 ⇒ ρ0 + Λ =
3

8πG
H2

0 (4.87)



ρc ≡
3

8πG
H2

0 − êðèòè÷åñêàÿ ïëîòíîñòü (4.88)

h = 0.68⇒
ρc = 4.9 · 10−6 ÃýÂ

ñì3
(4.89)

ρ0 + Λ èçìåðÿþòñÿ.
Ðåçóëüòàò: â ïðåäåëàõ îøèáîê

ρ0 + Λ = ρc ⇒ (4.90)

Íàøå ïðîñòðàíñòâî î÷åíü áëèçêî ê ïëîñêîìó.

Èç (4.85):

H2 =
8π

3
G(ρ + Λ)− κ

a2
=

=
8π

3
G

(
ρM + ρrad + ρΛ −

3

8πG

κ
a2

)
=

=
8π

3
G (ρM + ρrad + ρΛ + ρcurv) (4.91)

Óðàâíåíèå ñïðàâåäëèâî âñåãäà, êîãäà ìîæíî ïðåíå-
áðå÷ü ïëàâíûì ïðåâðàùåíèåì óëüòðàðåëÿòèâèñòñêîé
ìàòåðèè â íåðåëÿòèâèñòñêóþ ⇒
Âñåãäà, êðîìå î÷åíü ðàííèõ ýïîõ ïîñëå ñèíãóëÿðíî-
ñòè.

Èç (4.91):

ρM + ρrad + ρΛ + ρcurv =
3

8πG
H2 (4.92)

Â ñîâðåìåííóþ ýïîõó (ïî îïðåäåëåíèþ (4.88))

ρ0
M + ρ0

rad + ρ0
Λ + ρ0

curv = ρc (4.93)

Ââåäåì îòíîñèòåëüíûå ïëîòíîñòè ñåé÷àñ:

ΩM = ρ0
M/ρc (4.94)

Ωrad = ρ0
rad/ρc (4.95)

ΩΛ = ρ0
Λ/ρc (4.96)

Ωcurv = ρ0
curv/ρc (4.97)

ΩM + Ωrad + ΩΛ + Ωcurv = 1 (4.98)

ρM = ρ0
M

(a0

a

)3

(4.99)

ρrad = ρ0
rad

(a0

a

)4

(4.100)

ρΛ = ρ0
Λ ≡ Λ (4.101)

ρcurv = ρ0
curv

(a0

a

)2

(4.102)

ρc =
3

8πG
H2

0 ⇒
8π

3
G =

H2
0

ρc
(4.103)

H2 =
H2

0

ρc

[
ρ0
M

(a0

a

)3

+ ρ0
rad

(a0

a

)4

+ ρλ + ρ0
curv

(a0

a

)2
]

=

= H2
0

[
ΩM

(a0

a

)3

+ Ωrad

(a0

a

)4

+ ΩΛ + Ωcurv

(a0

a

)2
]

(4.104)



Óðàâíåíèå Ôðèäìàíà â îòíîñèòåëüíûõ ïëîòíîñòÿõ:

(
ȧ

a

)2

= H2
0

[
ΩM

(a0

a

)3

+ Ωrad

(a0

a

)4

+ ΩΛ + Ωcurv

(a0

a

)2
]

(4.105)

Ñ÷èòàÿ Ωrad � ΩM íàéäåì q0 â ñîâðåìåííóþ ýïîõó(
ȧ

a

)2

= H2
0

[
ΩM

(a0

a

)3

+ ΩΛ + Ωcurv

(a0

a

)2
]
(4.106)

ȧ = H0

√
ΩM a3

0/a + ΩΛa2 + Ωcurva2
0 (4.107)

ä =
H0

2

−ΩM a3
0/a

2 + 2aΩΛ√
ΩM a3

0/a + ΩΛa2 + Ωcurva2
0

ȧ =

=
1

2
H2

0(2aΩΛ −
1

a2
ΩMa

3
0) (4.108)

q0 = − 1

H2
0

ä

a

∣∣∣∣
t0⇒a=a0

=
1

2
(ΩM − 2ΩΛ) (4.109)

(Ωcurv óøëî!)

q0 =
1

2
(ΩM − 2ΩΛ) [ΩM = 1, Λ = 0⇒ q0 = 1/2]

(4.110)

Â êàêîì ñîîòíîøåíèè íàõîäÿòñÿ ΩM è ΩΛ?

Ñòàíäàðòíûå ñâå÷è è ïàðàìåòð çàìåäëåíèÿ

Íàáëþäàåìàÿ ÿðêîñòü J(z) ñòàíäàðòíîãî èñòî÷íèêà
ñî ñâåòèìîñòüþ L:

J(z) =
L

S(z)
× 1

1 + z
× 1

1 + z
=

L

S(z)

1

(1 + z)2

ïîêðàñ- ðàñòÿæåíèå
íåíèå âðåìåíè

(4.111)
S(z) � ïëîùàäü 2-ñôåðû, îêðóæàþùåé èñòî÷íèê.

Ðàñòÿæåíèå âðåìåíè:

dηi =
dti
ai

=
dt0
a0
⇒ dti =

ai
a0
dt0 =

dt0
1 + z

(4.112)

t
0

t
i

d

d



x

S(z) =?


