
Ëåêöèÿ 3

Óðàâíåíèÿ Ýéíøòåéíà, ñîõðàíåíèå ýíåðãèè-èìïóëüñà,
ãðàâèòàöèîííûå âîëíû, àíòèãðàâèòàöèÿ. Óðàâíåíèå Ôðèäìàíà è
ïîëíàÿ ñèñòåìà óðàâíåíèé êîñìîëîãèè.
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Ïîëó÷åíèå óðàâíåíèé Ýéíøòåéíà èç âàðèàöè-
îííîãî ïðèöèïà (ïðîäîëæåíèå)

SR = −K
∫
d4x
√
−gR = −K

∫
d4x
√
−ggµνRµν

(3.1)
δSR = −K

∫
d4xδ(

√
−g)R = δS1

−K
∫
d4x
√
−gRµνδg

µν = δS2

−K
∫
d4x
√
−ggµνδRµν = δS3

(3.2)

δS1 = −K
2

∫
d4x
√
−g R gµνδgµν (3.3)

δS2 = −K
∫
d4x
√
−gRµνδg

µν (3.4)

δgµν =?

δ(gµνgνλ) = 0 ⇒ gµνδgνλ = −gνλδgµν |gρλ (3.5)

δρνδg
µν = −gρλgµνδgνλ ⇒ (3.6)

δgµρ = −gρλδgνλgµν | ρ� ν (3.7)

δgµν = −gµρgνλδgρλ (3.8)

δS2 = +K

∫
d4x
√
−gRµνg

µρgνλδgρλ =

= +K

∫
d4x
√
−gRρλδgρλ (3.9)

δS2 = +K

∫
d4x
√
−g Rµν δgµν (3.10)

δS3 = −K
∫
d4x
√
−ggµνδRµν (3.11)

Rµ
νλρ = ∂λΓµνρ − ∂ρΓ

µ
νλ + ΓµσλΓσνρ − ΓµσρΓ

σ
νλ (3.12)

δRµ
νλρ = ∂λδΓ

µ
νρ − ∂ρδΓ

µ
νλ+

+ δΓµσλΓσνρ + ΓµσλδΓσνρ − δΓµσρΓσνλ − ΓµσρδΓσνλ (3.13)

δΓµνλ � òåíçîð, â îòëè÷èå îò Γµνλ! (Ïî÷åìó? F)

∇λ(δΓµνρ)−∇ρ(δΓ
µ
νλ) =

= ∂λ(δΓµνρ) + ΓµλσδΓ
σ
νρ − ΓσλνδΓ

µ
σρ − ΓσλρδΓ

µ
νσ−

− ∂ρ(δΓµνλ)− ΓµρσδΓσνλ + ΓσρνδΓ
µ
σλ + ΓσρλδΓ

µ
νσ =

= δRµ
νλρ ⇒ (3.14)

δRµν = ∇λ(δΓλµν)−∇ν(δΓ
λ
µλ) (3.15)



δS3 = −K
∫
d4x
√
−g gµν[∇λ(δΓλµν)−∇ν(δΓ

λ
µλ)] =

= −K
∫
d4x
√
−g[∇λ(gµνδΓλµν)−∇ν(g

µνδΓλµλ)] =

= −K
∫
d4x
√
−g∇λ(gµνδΓλµν − gµλδΓσµσ) =

=

∖
∇λA

λ =
1√
−g

∂λ(
√
−gAλ) F

∖
=

= −K
∫

Ω

d4x ∂λ[
√
−g (gµνδΓλµν − gµλδΓσµσ)] = 0

(3.16)

� òàê êàê ïîä èíòåãðàëîì ïîëíàÿ äèâåðãåíöèÿ,
à âñå âàðèàöèè íà ãðàíèöå èñ÷åçàþò.

δS3 = 0 (3.17)

δS = δSΛ + δSR =

= −Λ

2

∫
d4x
√
−g gµνδgµν

− K

2

∫
d4x
√
−g gµνRδgµν

+ K

∫
d4x
√
−gRµνδgµν =

=

∫
d4x
√
−g
[
K

(
Rµν − 1

2
gµνR

)
− Λ

2
gµν
]
δgµν = 0

(3.18)

Rµν − 1

2
gµνR =

1

2K
Λgµν (3.19)

Rµν −
1

2
gµνR =

1

2K
Λgµν (3.20)

K ïîêà íåèçâåñòíà!

Òåíçîð Ýéíøòåéíà:

Gµν = Rµν −
1

2
gµνR (3.21)



Ïîëÿ ìàòåðèè, òåíçîð ýíåðãèè-èìïóëüñà

S = SΛ(g) + SR(g) + Sm(u, g) (3.22)

δS = δSΛ(g)|δg + δSR(g)|δg+
+ δSm(u, g)|δg + δSm(u, g)|δu = 0 (3.23)

Ñèìâîëè÷åñêè:

δS =
δSΛ(g)

δg
δg +

δSR(g)

δg
δg+

+
δSm(u, g)

δg
δg +

δSm(u, g)

δu
δu = 0 (3.24)

Âàðèàöèè δgµν è δu íåçàâèñèìû! ⇒

Óðàâíåíèÿ ãðàâèòàöèîííîãî ïîëÿ:

δSΛ(g)|δg + δSR(g)|δg + δSm(u, g)|δg = 0 (3.25)

Óðàâíåíèÿ ïîëåé ìàòåðèè:

δSm(u, g)|δu = 0 (3.26)

Èç âàðèàöèè ïîëíîãî äåéñòâèÿ ïîëó÷àþòñÿ è óðàâ-
íåíèÿ ãðàâèòàöèîííîãî ïîëÿ, è óðàâíåíèÿ ïîëåé ìà-
òåðèè!

Sm(u, g) =

∫
d4x
√
−gLm(u, g) (3.27)

δSm(u, g)|δg = −1

2

∫
d4x
√
−g T µνδgµν (3.28)

Tµν � ìåòðè÷åñêèé òåíçîð ýíåðãèè-èìïóëüñà ïîëåé
ìàòåðèè (ñèììåòðè÷åí! ).

Îòêóäà áåðåòñÿ òàêîå îïðåäåëåíèå?

Ïðèìåð. Ñêàëÿðíîå ïîëå

Lsc =
1

2
∂νϕ∂νϕ− V (φ) =

1

2
gµν∂µϕ∂νϕ− V (φ) (3.29)

Ssc(g, φ) =

∫
d4x
√
−g
(

1

2
gµν∂µϕ∂νϕ− V (ϕ)

)
(3.30)

δSsc|δg =

∫
d4x

[
δ
√
−g
(

1

2
gµν∂µϕ∂νϕ− V (ϕ)

)
+

+
√
−g 1

2
δgµν∂µϕ∂νϕ

]
=

=

∫
d4x

[
1

2

√
−g gµνδgµν

(
1

2
gρσ∂ρϕ∂σϕ− V (ϕ)

)
−

−1

2

√
−g gµρδgρσgσν∂µϕ∂νϕ

]
=

=
1

2

∫
d4x
√
−g×[

gµν
(

1

2
gσρ∂σϕ∂ρϕ− V (ϕ)

)
− gρµgνσ∂ρϕ∂σϕ

]
δgµν

(3.31)



(3.28) ⇒
T µν = gρµgνσ∂ρϕ∂σϕ− gµνLsc(ϕ) | gαµgβν (3.32)

Tαβ = ∂αϕ∂βϕ− gαβL(ϕ) (3.33)

� îáû÷íîå âûðàæåíèå òåíçîðà ýíåðãèè-èìïóëüñà ñêà-
ëÿðíîãî ïîëÿ, ñëåäóþùåå èç òåîðåìû Íåòåð F.

Óðàâíåíèÿ ãðàâèòàöèîííîãî ïîëÿ ñ ó÷åòîì ìà-
òåðèè

δS|δg = δSΛ|δg + δSR|δg + δSm|δg =

=

∫
d4x
√
−g
[
K

(
Rµν − 1

2
gµνR

)
− Λ

2
gµν − 1

2
T µν
]
δgµν = 0

(3.34)

Rµν −
1

2
gµνR =

1

2K
(Λgµν + Tµν) (3.35)

Íàéäåì êîíñòàíòó
1

2K
èç íåðåëÿòèâèñòñêîãî

ïðåäåëà

Îáùåå óðàâíåíèå ãåîäåçè÷åñêîé:

duµ

dτ
+ Γµαβu

αuβ = 0 (3.36)

τ = s, uµ(s) =
dxµ(s)

ds
(3.37)

Ñòàòè÷åñêèé íåðåëÿòèâèñòñêèé ïðåäåë äâèæåíèÿ ÷à-
ñòèöû:

d2xµ

ds2
+ Γµαβ

dxα

ds

dxβ

ds
= 0 (3.38)

dx0

ds
≈ 1,

dxi

ds
� dx0

ds
⇒ d2xi

ds2
+ Γi00 = 0 (3.39)

gµν = ηµν + γµν (3.40)

Γi00 =
1

2
ηiσ(∂0γ0σ + ∂0γσ0 − ∂σγ00) = +

1

2
∂iγ00 (3.41)

d2xi

ds2
= −1

2
∂iγ00

∼=
d2xi

dt2
= −∂iϕ (3.42)

ϕ - ãðàâ. ïîòåíöèàë ⇒
γ00 = 2ϕ (3.43)

g00 = 1 + γ00 = 1 + 2ϕ (3.44)

∆ϕ =
1

2
∆g00 (3.45)

Óðàâíåíèå Ïóàññîíà äëÿ ãðàâ. ïîòåíöèàëà:

∆ϕ = 4πGρ (3.46)

Èç (3.45):
∆g00 = 8πGρ (3.47)

Óðàâíåíèå Ýéíøòåéíà áåç Λ

Rµν −
1

2
gµνR =

1

2K
Tµν | gµν (3.48)

R− 1

2
4R =

1

2K
T, T ≡ gµνTµν ⇒ (3.49)

R = − 1

2K
T ⇒ (3.50)

Rµν =
1

2K

(
Tµν −

1

2
gµνT

)
(3.51)



Ñòàòè÷åñêèé íåðåëÿòèâèñòñêèé ïðåäåë:

Tµν = diag (ρ, 0, 0, 0) (3.52)

R00 =
1

2K

(
ρ− 1

2
ρ

)
=

1

4K
ρ (3.53)

Rµν = ∂λΓλµν − ∂µΓλλν + ΓλρλΓρµν − ΓλρµΓρνλ (3.54)

ΓλρλΓρµν − ΓλρµΓρνλ � âòîðîé ïîðÿäîê ìàëîñòè

R00 = ∂λΓλ00 − ∂0Γλλ0 = \ñòàòèêà\ = ∂iΓ
i
00 (3.55)

R00 = ∂i

(
1

2
∂iγ00

)
=

1

2
∂i∂ig00 =

1

2
∆g00 (3.56)

Ïîäñòàâëÿåì â (3.53):

∆g00 =
1

2K
ρ (3.57)

Ñðàâíèâàÿ ñ (3.47):

1

2K
= 8πG (3.58)

Óðàâíåíèå Ýéíøòåéíà ñ Λ-÷ëåíîì:

Rµν −
1

2
gµνR = 8πG(Λgµν + Tµν) (3.59)

Èç óðàâíåíèÿ Ýéíøòåéíà ñëåäóåò êîâàðèíò-
íûé çàêîí ñîõðàíåíèÿ ýíåðãèè-èìïóëüñà:

∇µ ≡ gµν∇ν (3.60)

∇µ

(
Rµν −

1

2
gµνR

)
= 8πG(0 +∇µTµν) (3.61)

∇µ

(
Rµν −

1

2
gµνR

)
≡ 0 ⇒ ∇µTµν = 0 (3.62)

Äîêàçàòåëüñòâî.

Òîæäåñòâî Áüÿíêè:

∇ρR
λ
σµν +∇µR

λ
σνρ +∇νR

λ
σρµ = 0 (3.63)

Ñâîðà÷èâàåì ïî λ, µ:

∇ρR
λ
σλν +∇λR

λ
σνρ +∇νR

λ
σρλ = 0 (3.64)

∇ρRσν +∇λR
λ
σνρ −∇νRσρ = 0 | gσρ (3.65)

∇ρRρν +∇λRλν −∇νR = 0 F (3.66)

∇ρRρν +∇λRλν −∇µ(gµνR) =

= 2∇µRµν −∇µ(gµνR) =

= 2∇µ

(
Rµν −

1

2
gµνR

)
= 0 (3.67)



Ëèíåàðèçîâàííûå óðàâíåíèÿ Ýéíøòåéíà

Rµν = 8πG

(
Tµν −

1

2
gµνT

)
(3.68)

gµν = ηµν + hµν (3.69)

Γµνλ(gµν = ηµν) = 0 ⇒ (3.70)

Rσ
µνλ(gµν = ηµν) = 0 (3.71)

Âñ¼ Γ è âñ¼ R � ýòî âîçìóùåíèÿ íàä íóëåâûìè çíà-
÷åíèÿìè çà ñ÷åò âîçìóùåíèÿ hµν
⇒ ìîæíî èñïîëüçîâàòü ôîðìóëû ïåðâîãî ïîðÿäêà
äëÿ âîçìóùåíèé:

Rµ
νλρ = ∂λΓµρν − ∂ρΓ

µ
λν (3.72)

∂λΓµρν = ∂λ
1

2
ηµσ(∂ρhνσ + ∂νhσρ − ∂σhρν) =

=
1

2
(∂λ∂ρh

µ
ν + ∂λ∂νh

µ
ρ − ∂λ∂µhρν) (3.73)

Rµν =
1

2
(∂λ∂µhνλ + ∂λ∂νhλµ − ∂λ∂λhµν − ∂ν∂µhλλ)F

(3.74)
Ïðè ìàëîì ïðåîáðàçîâàíèè x′µ = xµ + ξµ(x) F:

h′µν = hµν + ∂µξν + ∂νξµ ⇒ h′µν = hµν + ∂µξν + ∂νξµ
(3.75)

Rµν êàëèáðîâî÷íî èíâàðèàíòíî îòíîñèòåëüíî ïðåîá-
ðàçîâàíèÿ:

hµν → hµν + ∂µξν + ∂νξµ (ïðîâåðèòü F) (3.76)

Ãàðìîíè÷åñêàÿ êàëèáðîâêà:

∂µh
µ
ν −

1

2
∂νh

λ
λ = 0 (3.77)

îáåñïå÷åíà, åñëè

∂µ∂
µξν = −

(
∂µh

µ
ν −

1

2
hλλ

)
(3.78)

Òîãäà, èç (3.74) F:

Rµν = −1

2
∂λ∂λhµν = −1

2
(∂2

0 −∆)hµν = −1

2
�hµν ⇒

(3.79)

�hµν = −16πG

(
Tµν −

1

2
ηµνT

)
(3.80)

Ãðàâèòàöèîííûå âîëíû

Åñëè Tµν = 0, òî
�hµν = 0 (3.81)

� âîëíîâîå óðàâíåíèå, ãðàâ. âîëíû â âàêóóìå.

Çàìå÷àíèå: åñëè G = 0, òî ãðàâ. âîëíû âñå ðàâíî
åñòü.



Ìàêðîñêîïè÷åñêèé ôåíîìåíîëîãè÷åñêèé òåí-
çîð ýíåðãèè-èìïóëüñà èçîòðîïíîé ¾æèäêî-
ñòè¿

1. Ïîêîÿùååñÿ âåùåñòâî (¾èäåàëüíàÿ æèäêîñòü¿) â
ïðîñòðàíñòâå Ìèíêîâñêîãî (≈ òåíçîð íàïðÿæåíèé):

T µν =

(
ρ 0
p
p

0 p

)
(3.82)

uµ = (1, 0, 0, 0) (3.83)

2. Âåùåñòâî äâèæåòñÿ â ïðîñòðàíñòâå Ìèíêîâñêîãî:

(p + ρ)uµuν − pηµν − ýòî òåíçîð (3.84)

Â ñèñòåìå ïîêîÿ ìàòåðèè:

(p + ρ)

 1
0

0
0

− p
 1

−1
−1
−1

 =

=

(
ρ
p
p
p

)
(3.85)

Ñëåäîâàòåëüíî, â ïðîèçâîëüíîé äâèæóùåéñÿ ñèñòå-
ìå:

T µν = (p + ρ)uµuν − pηµν (3.86)

3. Âåùåñòâî â ïðîèçâîëüíîé ñèñòåìå.
Â ëîêàëüíî-Ëîðåíöåâîé ñèñòåìå äîëæíî áûòü:

T µν = (p + ρ)uµuν − pηµν (3.87)

Òîãäà îáùåêîâàðèàíòíûé òåíçîð ÝÈ:

T µν = (p + ρ)uµuν − pgµν (3.88)

Ñòàòè÷åñêîå èçîòðîïíîå âåùåñòâî êàê èñòî÷-
íèê ãðàâèòàöèè (è àíòèãðàâèòàöèè)

�hµν = −16πG

(
Tµν −

1

2
ηµνT

)
(3.89)

Äëÿ êîìïîíåíòû 00: \T = ρ− 3p\

∂2
0h00 −∆h00 = −8πG(ρ + 3p) ⇒ (3.90)

∆h00 = 8πG(ρ + 3p) (3.91)

Â íåðåëÿòèâèñòñêîé ñòàòèêå (ñì. (3.45)):

∆h00 = 2∆ϕ ⇒ (3.92)

∆ϕ = 4πG(ρ + 3p) (3.93)

Èñòî÷íèêîì ãðàâèòàöèè ÿâëÿåòñÿ íå ρ, à ρ + 3p.
Åñëè ρ < 0, p = 0 ⇒ àíòèãðàâèòàöèÿ.
Åñëè ρ + 3p < 0 ⇒ òîæå àíòèãðàâèòàöèÿ!

Λ-÷ëåí

Rµν −
1

2
gµνR = 8πG(Λgµν + Tµν) (3.94)

T (Λ)
µν =

 Λ
−Λ
−Λ
−Λ

 (3.95)

ρ = Λ, p = −Λ, óðàâíåíèå ñîñòîÿíèÿ: p = −ρ.
Åñëè Λ > 0, òî ρ + 3p = −2Λ < 0.
Êîñìîëîãè÷åñêàÿ êîíñòàíòà Λ > 0 ïðèâîäèò ê àíòè-
ãðàâèòàöèè.



Êëàññè÷åñêàÿ êîñìîëîãèÿ: êîñìîëîãè÷åñêèé
ïðèíöèï è ñìûñë îäíîðîäíîñòè è èçîòðîïèè

• Ïðåäïîëàãàåì, ÷òî Âñåëåííàÿ çàïîëíåíà èäåàëüíîé
(áåç âÿçêîñòè, ìíîãîêîìïîíåíòíîé)
êîñìîëîãè÷åñêîé æèäêîñòüþ
Â ñîïóòñòâóþùåé ñèñòåìå

T̂ =

(
ρ
p
p
p

)
=
∑
i

T̂i (3.96)

• Êîñìîëîãè÷åñêèé ïðèíöèï: Âñåëåííàÿ èçîòðîïíà è
îäíîðîäíà: êîñìîëîãè÷åñêàÿ æèäêîñòü îäíîðîäíà è
ãåîìåòðèÿ îäíîðîäíà (êðèâèçíà îäèíàêîâà).

Ñìûñë îäíîðîäíîñòè.

• Multi�nger time � ìíîãîíàïðàâëåííîå âðåìÿ � íà-
áîð ïðîñòðàíñòâåííî-ïîäîáíûõ ïîâåðõíîñòåé, ïåðå-
íóìåðîâàííûõ ïàðàìåòðîì t.

• ×åðåç êàæäîå ñîáûòèå ïðîõîäèò ãèïåðïîâåðõíîñòü
èçîòîðïèè � òî÷íûé ñìûñë îäíîðîäíîñòè.

• Èçîòðîïèÿ íà ïðîñòðàíñòâåííîé ãèïåðïîâåðõíîñòè
âëå÷åò îäíîðîäíîñòü íà òîé æå ïîâåðõíîñòè.
Äîêàçàòåëüñòâî: Åñëè áû íå áûëî îäíîðîäíîñòè, íà
ïîâåðõíîñòè âîçíèêëè áû ãðàäèåíòû, íàðóøàþùèå
èçîòðîïèþ.

• Íà ãèïåðïîâåðõíîñòÿõ îäíîðîäíîñòè êîñìîëîãè÷å-
ñêàÿ æèäêîñòü äîëæíà ïîêîèòüñÿ (èíà÷å � àíèçîòðî-
ïèÿ). ⇒
Åñëè âñå ïðîñòðàíñòâî-âðåìÿ ðàçëîæåíî íà ñèñòåìó
ïîâåðõíîñòåé îäíîðîäíîñòè, òî èìååò åñòåñòâåííóþ

ñîïóòñòâóþùóþ êîñìîëîãè÷åñêóþ ñèñòåìó îòñ÷åòà,
ñâÿçàííóþ ñ ïîêîÿùåéñÿ êîñìîëîãè÷åñêîé æèäêî-
ñòüþ.

t

Äîïîëíèòåëüíîå ÷òåíèå: ×.Ìèçíåð, Ê.Òîðí,
Äæ.Óèëåð. Ãðàâèòàöèÿ, Ò.2., �27.2 � �27.5.

Êîñìîëîãè÷åñêèé ïðèíöèï è íàáëþäåíèå:

Îäíîðîäíîñòü ÿâëÿåòñÿ îáîáùåíèåì ðåçóëüòàòîâ íà-
áëþäåíèé, íî Âñåëåííàÿ íå ñòàöèîíàðíà, ïîýòîìó
ïðÿìî îäíîðäíîñòü íàáëþäàòü íåâîçìîæíî!

Íà áîëüøèõ ðàññòîÿíèÿõ íàáëþäàåòñÿ ïëîòíîñòü ìà-
òåðèè, òåìïåðàòóðà è ò.ä. îòëè÷íûå îò ëîêàëüíûõ ñî-
âðåìåííûõ.



Îäíîðîäíûå è èçîòðîïíûå òðåõìåðíûå ïðî-
ñòðàíñòâà

Îäíîðîäíûõ è èçîòðîïíûõ òðåõìåðíûõ ïðîñòðàí-
ñòâà âñåãî òðè: åâêëèäîâî ïðîñòðàíñòâî, òðåõìåðíàÿ
ñôåðà, òðåõìåðíàÿ ïñåâäîñôåðà.

Åâêëèäîâî òðåõìåðíîå ïðîñòðàíñòâî (3-ïëîñêîñòü)
Åñòü òàêàÿ ñèñòåìà êîîðäèíàò, ÷òî âî âñåì ïðîñòðàí-
ñòâå

dl2 = γijdx
idxj = (dx1)2 + (dx2)2 + (dx3)2 (3.97)

3-ñôåðà
Ôèêòèâíîå 4-ìåðíîå åâêëèäîâî ïðîñòðàíñòâî:

ds2 = (dy1)2 + (dy2)2 + (dy3)2 + (dy4)2 (3.98)

Óðàâíåíèå 3-ñôåðû:

(y1)2 + (y2)2 + (y3)2 + (y4)2 = a2 (3.99)

Îïèñûâàåòñÿ òðåìÿ ïàðàìåòðàìè:

y1 = a cosχ
y2 = a sinχ cos θ
y2 = a sinχ sin θ cosϕ
y4 = a sinχ sin θ sinϕ

(3.100)

dl2 = γijdx
idxj = a2[dχ2 + sin2 χ(dθ2 + sin2 θ dϕ2)] F

(3.101)
F Óïðàæíåíèå: ïîïûòàéòåñü îòãàäàòü ïàðàìåòðèçà-
öèþ 4-õ ìåðíîé ñôåðû â 5-ìåðíîì ïðîñòðàíñòâå è
âûðàæåíèå äëÿ ýëåìåíòà äëèíû íà 4-õ ìåðíîé ñôå-
ðå.

Â êâàäðàòíûõ ñêîáêàõ � ìåòðèêà åäèíè÷íîé 3-
ñôåðû, íèêàêèõ óïîìèíàíèé ôèêòèâíîãî 4-ìåðíîãî
ïðîñòðàíñòâà (y1, y2, y3, y4) íåò.

3-ïñåâäîñôåðà (ãèïåðáîëîèä) Ôèêòèâíîå 4-ìåðíîå
ïñåâäîåâêëèäîâî ïðîñòðàíñòâî:

ds2 = (dy1)2 − (dy2)2 − (dy3)2 − (dy4)2 (3.102)

3-ïñåâäîñôåðà � ýòî ñôåðà â 4-ïðîñòðàíñòâå Ìèíêîâ-
ñêîãî (ïñåâäîñôåðà):

(y1)2 − (y2)2 − (y3)2 − (y4)2 = a2, y1 > 0 (3.103)

y1 = a chχ
y2 = a shχ cos θ
y2 = a shχ sin θ cosϕ
y4 = a shχ sin θ sinϕ

(3.104)

dl2 = γijdx
idxj = a2[dχ2 + sh2 χ(dθ2 + sin2 θ dϕ2)] F

(3.105)

Êàê ïîíÿòü, ÷òî ýòè ïðîñòðàíñòâà îäíîðîäíû?
Äëÿ 3-ñôåðû, 3-ïëîñêîñòè è 3-ïñåâäîñôåðû

Rijkl =
κ
a2

(γikγjl − γilγjk) (3.106)

κ =

{
+1 − 3-ñôåðà

0 − 3-ïëîñêîñòü
−1 − 3-ïñåâäîñôåðà

(3.107)

Ïðîâåðÿåòñÿ ïðÿìûì âû÷èñëåíèåì, èëè â êîâàðè-
àíòíîì ôîðìàëèçìå: ñì. Robert M. Wald, General
Relativity Sec. 5.1, p. 91.

Rij = 2
κ
a2
γij F (3.108)

R = 6
κ
a2
F (3.109)

Ñêàëÿð êðèâèçíû âñþäó îäèíàêîâ � ïðîñòðàíñòâà ïî-
ñòîÿííîé êðèâèçíû.



Ìåòðèêà Ôðèäìàíà-Ðîáåðòñîíà-Óîêåðà
(FRW)

ds2 = dt2 − a2(t)γijdx
idxj (3.110)

γij � ìåòðèêà îäíîãî èç îäíîðîäíûõ 3-ïðîñòðàíñòâ.

Äëÿ ñôåðû è ïñåâäîñôåðû ìîæíî âçÿòü ìåòðèêó åäè-
íè÷íûõ ñôåð.

Äëÿ 3-ïëîñêîñòè ôèç. ñìûñë èìååò òîëüêî a(t1)/a(t2)

ĝ =

 1

a2(t)γ̂

 (3.111)

Òîëüêî â ðàìêàõ ìîäåëè FRW êîñìîëîãè÷åñêîå âðåìÿ
ïðèîáðåòàåò ñìûñë!

Êîîðäèíàòû FRW � ñîïóòñòâóþùàÿ ñèñòåìà
îòñ÷åòà íåïîäâèæíîé êîñìîëîãè÷åñêîé æèä-
êîñòè

Äîêàæåì, ÷òî FRW ñèñòåìà îòñ÷åòà ñâÿçàíà ñ ñâî-
áîäíîé íåïîäâèæíîé êîñìîëîãè÷åñêîé æèäêîñòüþ,
òî åñòü
íåïîäâèæíûå ÷àñòèöû äâèæóòñÿ ñâîáîäíî, ò.å. ïî
ãåîäåçè÷åñêèì.

×òî òàêîå íåïîäâèæíûå ÷àñòèöû:

ui =
dxi

ds
= 0; u0 =

dx0

ds
=
dt

dt
= 1 (3.112)

∀µ :
duµ

ds
= 0 (3.113)

duµ

ds
+ Γµνλu

νuλ = 0 (3.114)

Ïîäñòàâëÿåì (3.112), (3.113):

Äîëæíî áûòü: 0 + Γµ00u
0u0 = Γµ00 = 0 (3.115)

Íóæíî ïðîâåðèòü, ÷òî äåéñòâèòåëüíî Γµ00 = 0.

Γµνλ =
1

2
gµσ(∂νgλσ + ∂λgνσ − ∂σgνλ) (3.116)

Γ0
00 = 0; Γi00 = 0; Γ0

0i = 0 F (3.117)

Γi0j = δij
ȧ

a
F (3.118)

Γ0
ij = aȧγij F (3.119)

Γijk = (3)Γijk F (3.120)



Óðàâíåíèå Ôðèäìàíà

Rµν −
1

2
gµνR = 8πG(Λ gµν + Tµν) (3.121)

Rµν = ∂λΓλµν − ∂µΓλνλ + ΓλµνΓ
σ
λσ − ΓλµσΓσλν (3.122)

R00 = −∂0Γλ0λ − Γλ0σΓσ0λ = −3
ä

a
F (3.123)

R00 = −3
ä

a
(3.124)

R0i = ∂jΓ
j
0i − ∂0Γλiλ + Γλ0iΓ

σ
λσ − Γλ0σΓσλi = 0 F (3.125)

Rij = ∂λΓλij − ∂iΓλjλ + ΓλijΓ
σ
λσ − ΓλiσΓσλj =

∂0Γ0
ij + ∂kΓ

k
ij

− ∂iΓ0
j0 − ∂iΓljl

+ (Γ0
ijΓ

σ
0σ + ΓkijΓ

σ
kσ)

− (Γ0
ikΓ

k
0j + Γki0Γ0

jk + ΓkilΓ
l
jk) =

= ∂0Γ0
ij + Γ0

ijΓ
σ
0σ − Γ0

ikΓ
k
0j − Γki0Γ0

jk + (3)Rij =

= (aä + 2ȧ2)γij + (3)Rij =

=
∖

(3)Rij = 2
κ
r2
γij; r ≡ 1; κ = +1, 0,−1

∖
=

= (aä + 2ȧ2 + 2κ)γij (3.126)

Rij = (aä + 2ȧ2 + 2κ)γij (3.127)

R = gµνRµν = g00R00+gijRij = −6

(
ä

a
+
ȧ2

a
+

κ
a2

)
⇒

(3.128)
Ë×, 00-êîìïîíåíòà óðàâíåíèé Ýéíøòåéíà:

R00 −
1

2
g00R = 3

(
ȧ2

a2
+

κ
a2

)
(3.129)

Ïîêîÿùàÿñÿ ìàòåðèÿ:

T00 = ρ; g00Λ = Λ ⇒ (3.130)

Óðàâíåíèå Ôðèäìàíà (ñ Λ-÷ëåíîì)

(
ȧ

a

)2

=
8π

3
G(ρ + Λ)− κ

a2
(3.131)

Êàê ìåíÿåòñÿ ρ â çàâèñèìîñòè îò t è a?

∇µT
µν = 0 (3.132)

∇µT
µ0 = ∂µT

µ0 + ΓµµσT
σ0 + Γ0

µσT
µσ =

= ∂0T
00 + Γii0T

00 + Γ0
ijT

ij =

=

∖
T ij = (p + ρ)uiuj − pgij = −pgij =

1

a2
pγij

∖
=

= ρ̇ + 3
ȧ

a
(ρ + p) = 0 (3.133)



(Λ-÷ëåí óäîâëåòâîðÿåò êîâàðèàíòíîå ñîõðàíåíèå
ýíåðãèè-èìóëüñà òîæäåñòâåííî).

Ïîëíàÿ ñèñòåìà óðàâíåíèé èçîòðîïíîé êîñìî-
ëîãèè:(
ȧ

a

)2

=
8π

3
G(ρ + Λ)− κ

a2
(óðàâíåíèå Ôðèäìàíà)

(3.134)

ρ̇ + 3
ȧ

a
(ρ + p) = 0 (êîâàðèàíòíîå ñîõðàíåíèå)

(3.135)
p = p(ρ) (óðàâíåíèå ñîñòîÿíèÿ) (3.136)


