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Ïåðâîå äîïîëíèòåëüíîå óñëîâèå íà êîýôôè-
öåíòû ñâÿçíîñòè: ìåòðè÷íîñòü

Õîòèì, ÷òîáû îïåðàöè ïîäíÿòèÿ/îïóñêàíèÿ èíäåê-
ñîâ áûëà óíèâåðñàëüíîé:

gµν(∇λA
ν) = ∇λAµ; Aµ = gµνA

ν ò.å. (2.1)

gµν(∇λA
ν) = ∇λ(gµνA

ν) (2.2)

Ïî ïðàâèëó Ëåéáíèöà:

∇λ(gµνA
ν) = (∇λgµν)A

ν + gµν(∇λA
ν) =

= gµν(∇λA
ν)⇒ (2.3)

∇λgµν = 0 (2.4)

Ìåòðè÷åñêèé òåíçîð êîâàðèàíòíî ïîñòîÿíåí,
åñëè ñâÿçíîñòü ìåòðè÷íà.

Ìåòðè÷íîñòü ñâÿçíîñòè àïðèîðè íèîòêóäà íå ñëåäó-
åò → ðàññìàòðèâàþòñÿ îáîáùåíèÿ ÎÒÎ, â êîòîðûõ
ñâÿçíîñòü íå ìåòðè÷íà.

Çàêîí ïðåîáðàçîâàíèÿ àôèííûõ ñâÿçíîñòåé

∇λA
µ = ∂λA

µ + ΓµλνA
ν − Äîëæíî áûòü òåíçîðîì!

(2.5)

(∇λA
µ)′ =

∂xα

∂x′λ
∂x′µ

∂xβ
(∇αA

β) =

=
∂xα

∂x′λ
∂x′µ

∂xβ
(∂αA

β + ΓβαγA
γ) =

=
∂xα

∂x′λ
∂x′µ

∂xβ
∂Aβ

∂xα
+
∂xα

∂x′λ
∂x′µ

∂xβ
ΓβαγA

γ (2.6)

(∂λA
µ + ΓµλνA

ν)′ =
∂A′µ

∂x′λ
+ Γ′µλγA

′γ =

=
∂xβ

∂x′λ
∂2x′µ

∂xβ∂xα
Aα +

∂x′µ

∂xα
∂xβ

∂x′λ
∂Aα

∂xβ
+ Γ′µλγ

∂x′γ

∂xδ
Aδ (2.7)

Γβαγ
∂xα

∂x′λ
∂x′µ

∂xβ
Aγ =

∂xβ

∂x′λ
∂2x′µ

∂xβ∂xα
Aα + Γ′µλγ

∂x′γ

∂xδ
Aδ (2.8)

Aγ, Aα, Aδ → Aε

Γβαε
∂xα

∂x′λ

∂x′µ

∂xβ
=
∂xβ

∂x′λ
∂2x′µ

∂xβ∂xε
+ Γ′µλγ

∂x′γ

∂xε

∣∣∣∣ ∂xε∂x′δ
(2.9)

Γ′µλδ =
∂xα

∂x′λ
∂x′µ

∂xβ
∂xε

∂x′δ
Γβαε −

∂xβ

∂x′λ
∂xε

∂x′δ
∂2x′µ

∂xβ∂xε
(2.10)



∂x′µ

∂xσ
∂2xσ

∂x′ν∂x′λ
+
∂xβ

∂x′λ
∂xε

∂x′β
∂2x′µ

∂xβ∂xε
≡ 0 F (2.11)

Γ′µλδ =
∂xα

∂x′λ
∂x′µ

∂xβ
∂xε

∂x′δ
Γβαε +

∂x′µ

∂xσ
∂2xσ

∂x′δ∂x′λ
(2.12)

Àôèííàÿ ñâÿçíîñòü � íå òåíçîð!

Êðó÷åíèå

Cα
βγ = Γαβγ − Γαγβ (2.13)

Ïðåîáðàçóåòñÿ êàê òåíçîð!

Ëîêàëüíî Ëîðåíöåâû ñèñòåìû îòñ÷åòà

Åñëè Cα
βγ = 0 õîòÿ áû â îäíîé ñèñòåìå îòñ÷åòà, òî

Cα
βγ = 0 âî âñåõ ñèñòåìàõ îòñ÷åòà ⇒

Åñëè Cα
βγ 6= 0 õîòÿ áû â îäíîé ñèñòåìå îòñ÷åòà, òî

Cα
βγ 6= 0 â ëþáîé ñèñòåìå îòñ÷åòà, ñëåäîâàòåëüíî â

ëþáîé ñèñòåìå îòñ÷åòà Γαβγ 6= 0 è ãðàâèòàöèþ èñêëþ-
÷èòü íåâîçìîæíî.

×òîáû ãðàâèòàöèþ ìîæíî áûëî ëîêàëüíî èñêëþ-
÷èòü, â ÎÒÎ òðåáóåòñÿ Cα

βγ ≡ 0, ⇒ Γαβγ = Γαγβ

Âòîðîå óñëîâèå íà ñâÿçíîñòü:
Ïðèíöèï ýêâèâàëåíòíîñòè òðåáóåò ñèììåòðè÷íî-
ñòè ñâÿçíîñòè (îòñóòñòâèÿ êðó÷åíèÿ).

Ïåðâàÿ ïðîáëåìà ÎÒÎ ñî ñïèíîì: ÷àñòèöû ñî ñïèíîì
íå äâèæóòñÿ ïî ãåîäåçè÷åñêèì (?).

Âòîðàÿ ïðîáëåìà ÎÒÎ ñî ñïèíîì: íåò ðåöåïòà ðàñ-
÷åòà ãðàâèòàöèîííîãî ïîëÿ ñïèíà.

Ñèñòåìà ñïèíîâ ìîæåò ñîçäàâàòü ìàêðîñêîïè÷åñêèé
ìîìåíò è äîëæíà ïðèâîäèòü ê ìàêðîñêîïè÷åñêîìó
ãðàâèòàöèîííîìó ïîëþ, êîòîðîå ÎÒÎ íå ìîæåò ñî-
ñ÷èòàòü ⇒.

Ïîïûòêà ó÷åòà ïîëÿ ñïèíîâ ïðèâîäèò ê òåîðèÿì
Ýéíøòåéíà-Êàðòàíà, â êîòîðûõ êðó÷åíèå íå ðàâíî
íóëþ.

Åñëè Cα
βγ = 0, òî àôèííóþ ñâÿçíîñòü ëîêàëüíî çàíó-

ëèòü äåéñòâèòåëüíî ìîæíî.

x′µ = xµ + T µσρx
σxρ (2.14)

∂x′µ

∂xν

∣∣∣∣
0

= δµν ;
∂xν

∂x′µ

∣∣∣∣
0

= δνµ (2.15)

∂2x′µ

∂xβ∂xε

∣∣∣∣
0

= T µεβ + T µβε ⇒ (2.16)

Γ′µλδ =
∂xα

∂x′λ
∂x′µ

∂xβ
∂xε

∂x′δ
Γβαε −

∂xβ

∂x′λ
∂xε

∂x′δ
∂2x′µ

∂xβ∂xε
=

= δαλδ
µ
βδ

ε
δΓ

β
αε − δ

β
λδ

ε
δ(T

µ
εβ + T µβε) =

= Γµλδ − (T µδλ + T µλδ) (2.17)

T µδλ + T µλδ = Γµλδ(0)⇒ Γ′µλδ(0) = 0. (2.18)

Ñèììåòðè÷íîñòü Γµλδ � íåîáõîäèìîå óñëîâèå!



Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ

ĝ′ = Ĵ ĝĴT , Ĵ =

(
∂x

∂x′

)
(2.19)

ñèìåòðè÷íàÿ ìàòðèöà ĝ ìîæåò áûòü ïðèâåäåíà ê äèà-
ãîíàëüíîìó âèäó

ĝ =

 k0 0
−k1

−k2

0 −k3

 , kµ > 0 (2.20)

Ñ ïîìîùüþ ìàñøòàáíîãî ïðåîáðàçîâàíèÿ:

x′µ = xµ
1√
kµ
⇒ gµν = ηµν = ĝ =

 1 0
−1
−1

0 −1


(2.21)

Ïðåîáðàçîâàíèå (2.14) â ñèëó (2.15) íå ìåíÿåò òåí-
çîðû â íà÷àëå êîîðäèíàò, ïîýòîìó ñâÿçíîñòü ìîæíî
çàíóëèòü ïîñëå òîãî, êàê êàê ĝ ïðèâåäåí ê ëîðåíöîâó
âèäó.

Ìåòðè÷åñêèé òåíçîð ìîæíî ïðèâåñòè ê Ëîðåíöå-
âó âèäó è ñâÿçíîñòü ìîæíî çàíóëèòü îäíîâðåìåí-
íî � ýòî ëîêàëüíî Ëîðåíöåâà ñèñòåìà îòñ÷åòà

Îäíàêî ïðîèçâîäíûå gµν è Γλµν, âîîáùå ãîâîðÿ, íå èñ-
÷åçàþò!

Â ÷àñòíîñòè, íåóñòðàíèìû ïðèëèâíûå ñèëû è îñòà-
þòñÿ ãðàäèåíòû, êîòîðûå ìîãóò (?) âëèÿòü íà äâè-
æåíèå ÷àñòèöû ñî ñïèíîì.

ßâíîå âûðàæåíèå êîýôôèöèåíòîâ ñâÿçíîñòè
÷åðåç ìåòðè÷åñêèé òåíçîð

Èñïîëüçóåòñÿ îäíîâðåìåííî ìåòðè÷íîñòü gµν è ñèì-
ìåòðè÷íîñòü ñâÿçíîñòè:

∇λgµν = 0⇒ ∂λgµν − Γσλµgσν − Γσλνgµσ = 0. (2.22)

Γσλµgσν + Γσλνgµσ = ∂λgµν [λµν] | × (+1)
Γσµνgσλ + Γσµλgνσ = ∂µgνλ [µνλ] | × (+1)
Γσνλgσµ + Γσνµgλσ = ∂νgλµ [νλµ] | × (−1)

(2.23)

2Γσλµgσν = ∂λgµν + ∂µgνλ − ∂λgλµ |gνδF (2.24)

Γδλµ =
1

2
gδν(∂λgµν + ∂µgνλ − ∂νgλµ) (2.25)

Äëÿ òîãî, ÷òîáû Γαβγ âûðàæàëèñü ÷åðåç gµν, ìåòðè÷-
íîñòü è ñèììåòðè÷íîñòü ñâÿçíîñòè íåîáõîäèìû!

Ìîæíî ïîñ÷èòàòü, ÷òî
ìåòðè÷íîñòü+ñèììåòðè÷íîñòü âìåñòå äàþò 64 óðàâ-
íåíèÿ, îäíîçíà÷íî îïðåäåëÿþùèå âñå 64 êîìïîíåíòû
ñâÿçíîñòè F.

Âûðàæåíèå (2.25) èíîãäà íàçûâàåòñÿ ñèìâîëàìè
Êðèñòîôôåëÿ è îáîçíà÷àåòñÿ{

δ
λµ

}
=

1

2
gδν(∂λgµν + ∂µgνλ − ∂νgλµ) (2.26)



Òåíçîð Ëåâè-×åâèòà

Õîòèì, ÷òîáû Eµνρσ áûë òåíçîðîì, è â ëîêàëüíî ëî-
ðåíöåâîé (ãàëèëååâîé) ñèñòåìå (x)

Eµνρσ = εµνρσ, ε0123 = 1 (2.27)

Êàê áóäåò â ïðîèçâîëüíîé ñèñòåìå (x′)?

E ′µνρσ =
∂x′µ

∂xα
∂x′ν

∂xβ
∂x′ρ

∂xγ
∂x′σ

∂xδ
εαβγδ =

∣∣∣∣∂x′∂x

∣∣∣∣ εµνρσ (2.28)

∣∣∣∣ ∂x∂x′
∣∣∣∣ =

√
g′

g
=
√
−g′ ⇒

∣∣∣∣∂x′∂x

∣∣∣∣ =
1√
−g′

⇒ (2.29)

E ′µνρσ =
1√
−g′

εµνρσ (2.30)

Eµνρσ =
1√
−g

εµνρσ (2.31)

Òåíçîð êðèâèçíû

Äâà ñïîñîáà ââåñòè òåíçîð êðèâèçíû.

1. ×åðåç êîììóòàòîð êîâàðèàíòíîé ïðîèçâîäíîé

∇µ∇νA
λ −∇ν∇µA

λ = [∇µ,∇ν]A
λ =? (2.32)

∇µ(∇νA
λ) = ∂µ(∇νA

λ)−Γσµν(∇σA
λ)+Γλµσ(∇νA

σ) = . . .
(2.33)

∇ν(∇µA
λ) = . . . (2.34)

(ïîñ÷èòàòü! F)

[∇µ,∇ν]A
λ = AσRλ

σµν (2.35)

Rλ
σµν = ∂µΓλνσ − ∂νΓλµσ + ΓλµρΓ

ρ
νσ − ΓλνρΓ

ρ
µσ (2.36)

[∇µ,∇ν]Aλ = AσR
σ
µνλ (ïîñ÷èòàòü F) (2.37)

Îòñþäà âèäíî, ïî÷åìó òåíçàð êðèâèçíû � äåéñòâè-
òåëüíî òåíçîð.



2. Ïàðàëëåëüíûé ïåðåíîñ âäîëü çàìêíóòîãî êîíòóðà

  

Ãµ(x + dx) = Aµ(x)− ΓµνλA
νdxλ (2.38)

δAµ(x) = Ãµ(x + dx)− Aµ(x) = −ΓµνλA
νdxλ (2.39)

∆Aµ =

∮
δAµ(x) = −

∮
ΓµνλA

νdxλ (2.40)

Ôîðìóëà Ñòîêñà:∮
B...λdx

λ =
1

2

∫
dfσλ (∂σB...λ − ∂λB...σ) (2.41)

∆Aµ = −1

2

∫
dfσλ[∂σ(ΓµνλA

ν)− ∂λ(ΓµνσA
ν)] '

' −1

2
∆fσλ(∂σΓµνλA

ν+Γµνλ∂σA
ν−∂λΓµνσ A

ν−Γµνσ∂λA
ν)

(2.42)

Âíóòðè êîíòóðà Aµ èçìåíÿåòñÿ òîëüêî çà ñ÷åò ïàðàë-
ëåëüíîãî ïåðåíîñà, ïîýòîìó

δAµ(x) = −ΓµνλA
νdxλ ⇒ ∂λA

µ = −ΓµνλA
ν (2.43)

∆Aµ =

−1

2
∆fσλ(∂σΓµνλA

ν−ΓµνλΓνρσA
ρ−∂λΓµνσ A

ν+ΓµνσΓνρλA
ρ) =

=
1

2
∆fσλ(∂λΓµσν − ∂σΓµλν + ΓµλρΓ

ρ
νσ − ΓµσρΓ

ρ
νλ)Aν =

=
1

2
∆fσλRµ

σλνA
ν (2.44)

∆Aµ =
1

2
∆fσλRµ

σλνA
ν (2.45)

Èç âûâîäà âèäíî, ÷òî ôîðìóëà âåðíà óíèâåðñàëüíî,
íåçàâèñèìî îò ìåòðè÷íîñòè è ñèììåòðè÷íîñòè ñâÿç-
íîñòè.



Ñâîéñòâà òåíçîðà êðèâèçíû

Rλ
σµν = ∂µΓλνσ − ∂νΓλµσ + ΓλµρΓ

ρ
νσ − ΓλνρΓ

ρ
µσ (2.46)

Rτσµν = gτλR
λ
σµν =

= gτλ(∂µΓλνσ − ∂νΓλµσ + ΓλµρΓ
ρ
νσ − ΓλνρΓ

ρ
µσ) (2.47)

1.
Rτσµν = −Rτσνµ − î÷åâèäíî (2.48)

2.
Rτσµν = −Rστµν (2.49)

� íå î÷åâèäíî, èñïîëüçóåò ìåòðè÷íîñòü, íå óíèâåð-
ñàëüíî

Γξ,νσ = gξλΓλνσ =
1

2
(∂νgσξ + ∂σgξν − ∂ξgνσ) (2.50)

Rτσµν = +gτλ(∂µΓλνσ + ΓλµρΓ
ρ
νσ) (2.51)

−gτλ(∂νΓ
λ
µσ + ΓλνρΓ

ρ
µσ)

νσ ≡ ..

gτλ(∂µΓλ.. + ΓλµρΓ
ρ
..) = gτλ∇µΓλ.. = ∇µ(gτλΓλ..) =

= ∇µ(Γτ,..) = ∂µΓτ,.. − ΓλτµΓλ,.. =

= ∂µΓτ,νσ − gλξΓξ,τµΓλ,νσ (2.52)

gτλ(∂νΓ
λ
µσ + ΓλνρΓ

ρ
µσ) = ∂νΓτ,µσ − gλξΓξ,τνΓλ,µσ (2.53)

Rτσµν = ∂µΓτ,νσ−∂νΓτ,µσ+gλξ(Γξ,µσΓλ,ντ−Γξ,νσΓλ,µτ ) =
= ∂µ∂σgτν − ∂µ∂τgνσ − ∂ν∂σgτµ + ∂ν∂τgµσ+

+ gλξ(Γξ,µσΓλ,ντ − Γξ,νσΓλ,µτ ) (2.54)

Îòñþäà ñâîéñòâî (2.49) óæå î÷åâèäíî.

3.
Rτσµν = Rµντσ F (2.55)

4.
Rσ

ρµν + Rσ
µνρ + Rσ

νρµ = 0 (2.56)

Èç òîæäåñòâà ßêîáè:

[∇ρ, [∇µ,∇ν]]ϕ+[∇µ, [∇ν,∇ρ]]ϕ+[∇ν, [∇ρ,∇µ]]ϕ = 0;
(2.57)

[∇ρ, [∇µ,∇ν]]ϕ = −∂σϕRσ
µνρ ⇒ (2.56) (2.58)

5. Òîæäåñòâî Áüÿíêè F:

∇ρR
λ
σµν +∇µR

λ
σνρ +∇νR

λ
σρµ = 0 (2.59)

Èç òîæäåñòâà ßêîáè

[∇ρ, [∇µ,∇ν]]A
λ + [∇µ, [∇ν,∇ρ]]A

λ + [∇ν, [∇ρ,∇µ]]Aλ = 0;
(2.60)

×èñëî íåçàâèñèìûõ êîìïîíåíò F:

N =
n2(n2 − 1)

12
(2.61)

n = 4→ N = 20 (2.62)
n = 3→ N = 6 (2.63)
n = 2→ N = 1 (2.64)



Òåíçîð Ðè÷÷è:

Rµν = Rλ
µλν (2.65)

Ñêàëÿð êðèâèçíû (íå ãàóññîâà êðèâèçíà!):

R = gµνRµν = Rµ
µ = Rλν

λν (2.66)

Ïîëó÷åíèå óðàâíåíèé Ýéíøòåéíà èç âàðèàöè-
îííîãî ïðèöèïà

Ñíà÷àëà îäíà ãðàâèòàöèÿ � áåç ìàòåðèè.

Äåéñòâèå äîëæíî áûòü îáùåêîâàðèàíòíîé âåëè÷è-
íîé.
1. Õîòèì èìåòü óðàâíåíèÿ âòîðîãî ïîðÿäêà äëÿ gµν.
2. Óðàâíåíèÿ äîëæíû áûòü ëèíåéíûìè îòíîñèòåëü-
íî âòîðûõ ïðîèçâîäíûõ.

1. Ïðîñòåéøåå äåéñòâèå

SΛ = −Λ

∫
Ω

d4x
√
−g (2.67)

δSΛ = −Λ

∫
d4xδ(

√
−g) = Λ

∫
d4x

δg

2
√
−g

(2.68)

gµν → gµν + δgµν; δg =? (2.69)

det(ĝ + δĝ) = det[ĝ(1 + ĝ−1δĝ)] =

= det ĝ · det(1 + ĝ−1δĝ) = g(1 + Tr (ĝ−1δĝ)) =

= g(1 + gµνδgµν) = g + g · gµνδgµν ⇒ (2.70)

δg = g · gµνδgµν (2.71)

δSΛ = −Λ

2

∫
d4x
√
−ggµνδgµν (2.72)

2. Âêëàä ∼
∫
d4x
√
−g f (R)

Ïðîáëåìà: R çàâèñèò îò âòîðûõ ïðîèçâîäíûõ g ïî x.
Ïîëó÷èì ëè óðàâíåíèÿ âûøå âòîðîãî ïîðÿäêà?

S =

∫
d4xL(ϕ, ϕ′, ϕ′′) (2.73)

δS =

∫
d4x

(
∂L

∂ϕ
− ∂ ∂L

∂ϕ′
+ ∂2 ∂L

∂ϕ′′

)
δϕ = 0 (2.74)

∂L

∂ϕ
− ∂ ∂L

∂ϕ′
+ ∂2 ∂L

∂ϕ′′
= 0 (2.75)

� íà÷èíàÿ ñ âòîðîãî ÷ëåíà âõîäÿò ïðîèçâîäíûå âûñ-
øèõ ïîðÿäêîâ.

Íî åñëè ϕ′′ âõîäÿò â L â êîìáèíàöèè ϕϕ′′, òî:

∂(ϕϕ′′)

∂ϕ
= ϕ′′; ∂

(
∂(ϕϕ′′)

∂ϕ′

)
= 0; ∂2

(
∂(ϕϕ′′)

∂ϕ′′

)
= ϕ′′

(2.76)
ïðîèçâîäíûõ âûøå 2-ãî ïîðÿäêà íå ïîëó÷àåòñÿ.
R çàâèñèò îò g′′µν èìåííî òàê.

Ìîæíî ïîêàçàòü, ÷òî f (R)-ãðàâèòàöèÿ ñâîäèòñÿ ê R-
ãðàâèòàöèè ïëþñ íåêîòîðîå ñêàëÿðíîå ïîëå. Ïîýòîìó
äîñòàòî÷íî âçÿòü f (R) = R.



SR = −K
∫
d4x
√
−gR = −K

∫
d4x
√
−ggµνRµν

(2.77)
δSR = −K

∫
d4xδ(

√
−g)R = δS1

−K
∫
d4x
√
−gRµνδg

µν = δS2

−K
∫
d4x
√
−ggµνδRµν = δS3

(2.78)

δS1 = −K
2

∫
d4x
√
−g R gµνδgµν (2.79)

δS2 = −K
∫
d4x
√
−gRµνδg

µν (2.80)

δgµν =?

δ(gµνgνλ) = 0 ⇒ gµνδgνλ = −gνλδgµν |gρλ (2.81)

δρνδg
µν = −gρλgµνδgνλ ⇒ (2.82)

δgµρ = −gρλδgνλgµν | ρ� ν (2.83)

δgµν = −gµρδgρλgλν (2.84)

δS2 = +K

∫
d4x
√
−gRµνg

µρgλνδgρλ =

= +K

∫
d4x
√
−gRρλδgρλ (2.85)

δS2 = +K

∫
d4x
√
−g Rµν δgµν (2.86)

δS3 = −K
∫
d4x
√
−ggµνδRµν (2.87)

Rµ
νλρ = ∂λΓµνρ − ∂ρΓ

µ
νλ + ΓµσλΓσνρ − ΓµσρΓ

σ
νλ (2.88)

δRµ
νλρ = ∂λδΓ

µ
νρ − ∂ρδΓ

µ
νλ+

+ δΓµσλΓσνρ + ΓµσλδΓσνρ − δΓµσρΓσνλ − ΓµσρδΓσνλ (2.89)

δΓµνλ � òåíçîð, â îòëè÷èå îò Γµνλ! (Ïî÷åìó? F)

∇λ(δΓµνρ)−∇ρ(δΓ
µ
νλ) =

= ∂λ(δΓµνρ) + ΓµλσδΓ
σ
νρ − ΓσλνδΓ

µ
σρ − ΓσλρδΓ

µ
νσ−

− ∂ρ(δΓµνλ)− ΓµρσδΓσνλ + ΓσρνδΓ
µ
σλ + ΓσρλδΓ

µ
νσ =

= δRµ
νλρ ⇒ (2.90)

δRµν = ∇λ(δΓλµν)−∇ν(δΓ
λ
µλ) (2.91)

δS3 = −K
∫
d4x
√
−g gµν[∇λ(δΓλµν)−∇ν(δΓ

λ
µλ)] =

= −K
∫
d4x
√
−g[∇λ(gµνδΓλµν)−∇ν(g

µνδΓλµλ)] =

= −K
∫
d4x
√
−g∇λ(gµνδΓλµν − gµλδΓσµσ) =

=

∖
∇λA

λ =
1√
−g

∂λ(
√
−gAλ) F

∖
=

= −K
∫

Ω

d4x ∂λ(gµνδΓλµν − gµλδΓσµσ) = 0 (2.92)



� òàê êàê ïîä èíòåãðàëîì ïîëíàÿ äèâåðãåíöèÿ.

δS3 = 0 (2.93)

δS = δSΛ + δSR =

= −Λ

2

∫
d4x
√
−g gµνδgµν

− K

2

∫
d4x
√
−g gµνRδgµν

+ K

∫
d4x
√
−gRµνδgµν =

=

∫
d4x
√
−g
[
K

(
Rµν − 1

2
gµνR

)
− Λ

2
gµν
]
δgµν = 0

(2.94)

Rµν − 1

2
gµνR =

1

2K
Λgµν (2.95)

Rµν −
1

2
gµνR =

1

2K
Λgµν (2.96)

K ïîêà íåèçâåñòíà!

Òåíçîð Ýéíøòåéíà:

Gµν = Rµν −
1

2
gµνR (2.97)

Ïîëÿ ìàòåðèè, òåíçîð ýíåðãèè-èìïóëüñà

S = SΛ(g) + SR(g) + Sm(u, g) (2.98)

δS = δSΛ(g)|δg + δSR(g)|δg+
+ δSm(u, g)|δg + δSm(u, g)|δu = 0 (2.99)

Âàðèàöèè δgµν è δu íåçàâèñèìû! ⇒

Óðàâíåíèÿ ãðàâèòàöèîííîãî ïîëÿ:

δSΛ(g)|δg + δSR(g)|δg + δSm(u, g)|δg = 0 (2.100)

Óðàâíåíèÿ ïîëåé ìàòåðèè:

δSm(u, g)|δu = 0 (2.101)

Èç âàðèàöèè ïîëíîãî äåéñòâèÿ ïîëó÷àþòñÿ è óðàâ-
íåíèÿ ãðàâèòàöèîííîãî ïîëÿ, è óðàâíåíèÿ ïîëåé ìà-
òåðèè!

Sm(u, g) =

∫
d4x
√
−gLm(u, g) (2.102)

δSm(u, g)|δg =
1

2

∫
d4x
√
−g T µνδgµν (2.103)

Tµν � ìåòðè÷åñêèé òåíçîð ýíåðãèè-èìïóëüñà ïîëåé
ìàòåðèè (ñèììåòðè÷åí! ).

Åñëè ôîðìàëüíî íàïèñàòü:

δSm(u, g)|δg =

∫
d4x
√
−g
(
δLm

δgµν

)
δgµν ⇒ (2.104)



1

2
T µν =

δLm

δgµν
⇒ T µν = 2

δLm

δgµν
(2.105)

Îòêóäà áåðåòñÿ òàêîå îïðåäåëåíèå?

δSm(u, g)|δg =
1

2

∫
d4x
√
−g T µνδgµν (2.106)

Ïðèìåð. Ñêàëÿðíîå ïîëå

Lsc =
1

2
∂νϕ∂νϕ−V (φ) =

1

2
gµν∂µϕ∂νϕ−V (φ) (2.107)

Ssc(g, φ) =

∫
d4x
√
−g
(

1

2
gµν∂µϕ∂νϕ− V (ϕ)

)
(2.108)

δSsc|δg =

∫
d4x

[
δ
√
−g
(

1

2
gµν∂µϕ∂νϕ− V (ϕ)

)
+

+
√
−g 1

2
δgµν∂µϕ∂νϕ

]
=

=

∫
d4x

[
1

2

√
−g gµνδgµν

(
1

2
gρσ∂ρϕ∂σϕ− V (ϕ)

)
−

−1

2

√
−g gµρδgρσgσν∂µϕ∂νϕ

]
=

=
1

2

∫
d4x
√
−g×[

gµν
(

1

2
gσρ∂σϕ∂ρϕ− V (ϕ)

)
− gρµgνσ∂ρϕ∂σϕ

]
δgµν

(2.109)

(2.103), (2.106) ⇒
T µν = gρµgνσ∂ρϕ∂σϕ− gµνLsc(ϕ) | gαµgβν (2.110)

Tαβ = ∂αϕ∂βϕ− gαβL(ϕ) (2.111)

� îáû÷íîå âûðàæåíèå òåíçîðà ýíåðãèè-èìïóëüñà ñêà-
ëÿðíîãî ïîëÿ, ñëåäóþùåå èç òåîðåìû Íåòåð F.

Óðàâíåíèÿ ãðàâèòàöèîííîãî ïîëÿ ñ ó÷åòîì ìà-
òåðèè

δS|δg = δSΛ|δg + δSR|δg + δSm|δg =

=

∫
d4x
√
−g
[
K

(
Rµν − 1

2
gµνR

)
− Λ

2
gµν − 1

2
T µν
]
δgµν = 0

(2.112)

Rµν −
1

2
gµνR =

1

2K
(Λgµν + Tµν) (2.113)

Íàéäåì êîíñòàíòó
1

2K
èç íåðåëÿòèâèñòñêîãî

ïðåäåëà

Îáùåå óðàâíåíèå ãåîäåçè÷åñêîé:

duµ

dτ
+ Γµαβu

αuβ = 0 (2.114)

τ = s, uµ(s) =
dxµ(s)

ds
(2.115)

Ñòàòè÷åñêèé íåðåëÿòèâèñòñêèé ïðåäåë äâèæåíèÿ ÷à-
ñòèöû:

d2xµ

ds2
+ Γµαβ

dxα

ds

dxβ

ds
= 0 (2.116)



dx0

ds
≈ 1,

dxi

ds
� dx0

ds
⇒ d2xi

ds2
+ Γi00 = 0 (2.117)

gµν = ηµν + γµν (2.118)

Γi00 =
1

2
ηiσ(∂0γ0σ + ∂0γσ0 − ∂σγ00) = +

1

2
∂iγ00 (2.119)

d2xi

ds2
= −1

2
∂iγ00 = −∂iϕ (2.120)

ϕ - ãðàâ. ïîòåíöèàë ⇒
γ00 = 2ϕ (2.121)

g00 = 1 + γ00 = 1 + 2ϕ (2.122)

∆ϕ =
1

2
∆g00 (2.123)

Óðàâíåíèå Ïóàññîíà äëÿ ãðàâ. ïîòåíöèàëà:

∆ϕ = 4πGρ (2.124)

Èç (2.123):
∆g00 = 8πGρ (2.125)

Óðàâíåíèå Ýéíøòåéíà áåç Λ

Rµν −
1

2
gµνR =

1

2K
Tµν | gµν (2.126)

R− 1

2
4R =

1

2K
T, T ≡ gµνTµν ⇒ (2.127)

R = − 1

2K
T ⇒ (2.128)

Rµν =
1

2K

(
Tµν −

1

2
gµνT

)
(2.129)

Ñòàòè÷åñêèé íåðåëÿòèâèñòñêèé ïðåäåë:

R00 =
1

2K

(
ρ− 1

2
ρ

)
=

1

4K
ρ (2.130)

Rµν = ∂λΓλµν − ∂µΓλλν + ΓλρλΓρµν − ΓλρµΓρνλ (2.131)

R00 = ∂λΓλ00 − ∂0Γλλ0 = \ñòàòèêà\ = ∂iΓ
i
00 (2.132)

R00 = ∂i

(
1

2
∂iγ00

)
=

1

2
∂i∂ig00 =

1

2
∆g00 (2.133)

Ïîäñòàâëÿåì â (2.130):

∆g00 =
1

2K
ρ (2.134)

Ñðàâíèâàÿ ñ (2.125):

1

2K
= 8πG (2.135)

Óðàâíåíèå Ýéíøòåéíà ñ Λ-÷ëåíîì:

Rµν −
1

2
gµνR = 8πG(Λgµν + Tµν) (2.136)


