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Ñêàëÿðíûå âîçìóùåíèÿ � îäíîêîìïîíåíòíûå
ñðåäû

Ôîðìàëèçì îïèñûâàåò âîçìóùåíèÿ òîé êîìïîíåíòû,
êîòîðàÿ äîìèíèðóåò.

Óðàâíåíèÿ Ýéíøòåéíà äëÿ ñêàëÿðíûõ ìîä, îäíîêîì-
ïîíåíòíàÿ ñðåäà (ñì. (9.71)�(9.73))

∆Φ− 3
a′

a
Φ′ − 3

a′2

a2
Φ = 4πGa2δρ (10.1)

Φ′ +
a′

a
Φ = −4πGa2[(ρ + p)v] (10.2)

Φ′′ + 3
a′

a
Φ′ +

(
2
a′′

a
− a′2

a2

)
Φ = 4πGa2δp (10.3)

Äëÿ îäíîêîìïîíåíòíîé ñðåäû óðàâíåíèÿ ñîõðàíåíèÿ
ñëåäóþò èç (10.1)�(10.3).

(10.1) â èìïóëüñíîì ïðåäñòàâëåíèè:

k2Φ + 3
a′

a
Φ′ + 3

a′2

a2
Φ = −4πGa2δρ (10.4)

Óðàâíåíèå ñîñòîÿíèÿ: δp = u2
sδρ

(10.4) + (10.3)× u2
s:

Φ′′+3
a′

a
(1+u2

s)Φ
′+

[
2
a′′

a
− a′2

a2
(1− 3u2

s)

]
Φ+u2

sk
2Φ = 0

(10.5)

Óðàâíåíèå Ôðèäìàíà:

a′2

a4
=

8π

3
Gρ (10.6)

Óðàâíåíèÿ äëÿ (i, j)-êîìïîíåíò (ñì. (8.28)):

2
a′′

a3
− a′2

a4
= −8πGp⇒ (10.7)[

2
a′′

a
− a′2

a2
(1− 3u2

s)

]
= −8πGa2(p− u2

sρ) (10.8)

Ñ÷èòàåì p = u2
sρ, òîãäà [. . . ] èñ÷åçàåò

Φ′′ + 3
a′

a
(1 + u2

s)Φ
′ + u2

sk
2Φ = 0 (10.9)

Ñêàëÿðíûå ìîäû çà ãîðèçîíòîì

k � a′

a
⇒ (10.10)

ïîñëåäíèì ñëàãàåìûì â (10.9) ïðåíåáðåãàåì

Φ′′ + 3
a′

a
(1 + u2

s)Φ
′ = 0 (10.11)

Èìååòñÿ êîíñòàíòíîå ðåøåíèå

Φ = Φ(i) = const (10.12)

è åñòü ïàäàþùàÿ ìîäà

Φ(η) = const

∫ ∞
η

dη

a3(1+u2
s)(η)

(10.13)

Ïðåäïîëàãàåì, êàê îáû÷íî, ÷òî ïàäàþùåé ìîäû íåò.



Èùåì

δ =
δρ

ρ
(10.14)

Èç (10.4), çà ãîðèçîíòîì äëÿ êîíñòàíòíîé ìîäû

3
a′2

a2
Φ(i) = −4πGa2δρ (10.15)

Èç óðàâíåíèÿ Ôðèäìàíà

a′2

a2
=

8π

3
a2Gρ (10.16)

Ïîäñòàâëÿåì â (10.15) ⇒

δ =
δρ

ρ
= −2Φ(i) = const (10.17)

Ñêîðîñòè, ñîîòâåòñòâóþùèå
ñêàëÿðíîé ìîäå v: vj = ∂jv

Èç (10.2) ïîòåíöèàë ñêîðîñòè

v = − 1

4πGa2(ρ + p)

a′

a
Φ (10.18)

Φ = Φ(i)e
ikx ⇒

vj = ∂jv = − 1

4πG(ρ + p)

a′

a2

1

a
ikje

ikx ∼

∼ 1

4πG(ρ + p)
Hq =

1

4πG(ρ + p)
H2 q

H
∼ q

H
� 1

(10.19)

Ñêàëÿðíûå ìîäû ïîä ãîðèçîíòîì: ÓÐ âåùå-
ñòâî

w = u2
s = 1/3 (10.20)

Èç (10.9)

Φ′′ + 3
a′

a
(1 + u2

s) + u2
sk

2Φ = 0;
a′

a
=

1

η
⇒ (10.21)

Φ′′ +
4

η
+ u2

sk
2Φ = 0 (10.22)

Ñâîäèòñÿ ê óðàâíåíèþ äëÿ ñôåðè÷åñêîé ôóíêöèè
Áåññåëÿ 1-ãî ïîðÿäêà. Ðåøåíèå:

Φ(η) = −3Φ(i)
1

(uskη)2

[
cos(uskη)− sin(uskη)

uskη

]
(10.23)

Φ(η → 0) = Φ(i) (10.24)

Çâóêîâîé ãîðèçîíò:

ls = us ·
1

H
(10.25)

Äàëåêî ïîä çâóêîâûì ãîðèçîíòîì (uskη � 1) èìååò-
ñÿ ïàäàþùàÿ âîëíà ñ îïðåäåëåííîé ôàçîé:

Φ(η) = −3Φ(i)
1

(uskη)2
cos(uskη) (10.26)



Èùåì δ = δρ/ρ ãëóáîêî ïîä (çâóêîâûì) ãîðèçîíòîì.
Èç (10.4)(

k2 + 3
a′2

a2

)
Φ + 3

a′

a
Φ′ = −4πGa2δρ (10.27)

Ïîêàæåì, ÷òî ñëåâà ñóùåñòâåíåí òîëüêî ÷ëåí k2Φ.

η2

(
k2 + 3

a′2

a2

)
Φ =

= η2

(
k2 +

3

η2

)(
−3Φ(i) cos(uskη)

1

(uskη)2

)
=

=
(
η2k2 + 3

)(
−3Φ(i) cos(uskη)

1

(uskη)2

)
=

= \uskη � 1\ ≈

≈ η2k2

(
−3Φ(i) cos(uskη)

1

(uskη)2

)
∼ Φ(i) (10.28)

η23
a′

a
Φ′ ∼=

9Φ(i)

uskη
sin(uskη) ∼ 1

uskη
Φ(i) (10.29)

η2

(
k2 + 3

a′2

a2

)
Φ ≈ η2k2Φ� η23

a′

a
Φ′ (10.30)

δρ = − 1

4πG

k2

a2
Φ(η) =

=
3Φ(i)

4πG

1

u2
s

1

a2η2
cos(uskη) =

∖
1

a2η2
= H2 =

8π

3
Gρ

∖
=

= 6Φiρ cos(uskη)⇒ (10.31)

δrad =
δρrad
ρ

= 6Φ(i) cos(uskη) (10.32)

Âîçìóùåíèÿ ïëîòíîñòè ðåëÿòèâèñòñêîãî âåùåñòâà
ïîä ãîðèçîíòîì èñïûòûâàþò àêóñòè÷åñêèå îñöèëëÿ-
öèè.
Àìïëèòóäà íå ðàñòåò è íå óáûâàåò � Äæèíñîâñêîé
íåóñòîé÷èâîñòè íåò.

Âîçìóùåíèå ñêîðîñòè ðåëÿòèâèñòñêîé ìàòåðèè

Èñõîäèì èç (10.2):

Φ′ +
a′

a
Φ = −4πGa2(ρ + p)v (10.33)

a′2

a4
=

8π

3
Gρ;

a′

a2
=

1

aη
; p =

1

3
ρ⇒ (10.34)

a2(p + ρ) =
1

η2

1

2πG
(10.35)

Ïîäñòàâëÿåì Φ(i) (10.23) è (10.35) â (10.2) è ïîëó÷à-
åì:

kv =
3Φ(i)

us

[
sin(uskη)

(uskη)2
− cos(uskη)

uskη
− 1

2
sin(uskη)

]
(10.36)

v � ïîòåíöèàë ñêîðîñòè: vi = ikiv = ∂iv; kv � ¾ôèçè-
÷åñêàÿ ñêîðîñòü¿.

Äëÿ ìîä ãëóáîêî ïîä (àêóñòè÷åñêèì) ãîðèçîíòîì
(uskη � 1)

kv = −
3Φ(i)

2us
sin(uskη) (10.37)

� àêóñòè÷åñêèå îñöèëëÿöèè.

Ñð. (10.32) è (10.37) � ôàçû ñäâèíóòû íà π/2.



Íåðåëÿòèâèñòñêîå âåùåñòâî (ïîä è çà ãàðèçîí-
òîì)

(10.9):

Φ′′ + 3
a′

a
(1 + u2

s)Φ
′ + u2

sk
2Φ = 0 (10.38)

p = 0; us = 0 ⇒ âñå ìîäû íàõîäÿòñÿ çà çâóêîâûì
ãîðèçîíòîì.
Âñå, ÷òî îñòàåòñÿ îò óðàâíåíèÿ:

Φ′′ + 3
a′

a
Φ′ = 0⇒ Φ(η) = Φ = const (10.39)

Íà÷àëüíûå äàííûå � êîíñòàíòíàÿ ìîäà, îíà äëÿ ïî-
òåíöèàëà è ñîõðàíÿåòñÿ. ⇒
• Â ëèíåéíîì ðåæèìå âîçìóùåíèÿ ïîòåíöèàëîâ ñêà-
ëÿðíîé ìîäû ÍÐ âåùåñòâà íå ìåíÿþòñÿ.

Ïëîòíîñòü (ñòàäèÿ ÄÌ - àâòîìàòè÷åñêè èç-çà îä-
íîêîìïîíåíòíîñòè!)

(10.4):

k2Φ + 3
a′

a
Φ′ + 3

a′2

a2
Φ = −4πGa2δρ (10.40)

Φ′ = 0⇒(
k2 + 3

a′2

a2

)
Φ = −4πGa2δρ⇒ (10.41)

δρ = − 1

4πGa2

(
k2 + 3

a′2

a2

)
=

=
∖
a = const η2 ⇒ a′/a = 2/η

∖
=

= − 1

4πGa2

(
k2 +

12

η2

)
Φ (10.42)

δρ = − 1

4πGa2

(
k2 +

12

η2

)
Φ (10.43)

Çà ãîðèçîíòîì

kη � 1⇒ k2 � 1/η2 ⇒
12/η2 äîìèíèðóåò ⇒
δρ ∝ 1/a3.
Íî ρ ∝ 1/a3 ⇒ δ = δρ/ρ = const

H =
a′

a2
=

2

aη
(10.44)

H2 =
8π

3
Gρ⇒ ρ =

3

8πG

(
2

aη

)2

⇒ (10.45)

δ =
δρ

ρ
= −2Φ (10.46)

δ = δ(i) = −2Φ(i) = const− çà ãîðèçîíòîì (10.47)

Äëÿ ìîä çà ãîðèçîíòîì äëÿ íåðåëÿòèâèñòñêîãî âå-
ùåñòâà Äæèíñîâñêàÿ íåóñòîé÷èâîñòü íå ðàçâèâà-
åòñÿ.



Ïîä ãîðèçîíòîì

kη � 1⇒ k2 � 1/η2 ⇒

δρ = − 1

4πGa2
k2Φ = +

1

8πGa2
k2δ(i) (10.48)

Óæå âèäíî, ÷òî δ áóäåò ðàñòè ïðîïîðöèîíàëüíî a.
Íàéäåì, êàê:

ρ =
3

8πG
H2 (10.49)

δ =
δρ

ρ
=

1

3

k2

a2

1

H2
δ(i) =

1

3

q2

H2
δ(i) (10.50)

Â ìîìåíò âõîäà ïîä ãîðèçîíò q× = H×, èç (10.50) ⇒

δ× =
1

3
δ(i) (10.51)

H2 =

(
2

aη

)2

⇒ (10.52)

δ =
1

3

k2

a2

a2η2

4
δ(i) =

1

12
k2η2δ(i) =

=
∖
η2 =

a

const

∖
=

1

12
k2 a

const
δ(i) (10.53)

1

12
k2a×(k)

const
δ(i) = δ× =

1

3
δ(i) (10.54)

const =
1

4
k2a×(k) (10.55)

δ(η) =
1

3

a(η)

a×
δ(i), kη � 1 (10.56)

Àìïëèòóäà ìîäû ðàñòåò ñî âðåìåíåì � íåóñòîé÷è-
âîñòü Äæèíñà. ×åì ïîçäíåå ìîäà âõîäèò ïîä ãîðè-
çîíò, òåì ìåíüøå óñïåâàåò âûðàñòè ê ìîìåíòó η

Ðàññìîòðèì âñå ìîäû, âîøåäøèå ïîä ãîðèçîíò íà
ÌÄ-ñòàäèè.
Ñàìàÿ êîðîòêàÿ ñðåäè íèõ � âîøåäøàÿ ïîä ãîðèçîíò
â ìîìåíò qeq
Êîîðäèíàòíûé èìïóëüñ (âîëíîâîå ÷èñëî) ìîäû îïðå-
äåëÿåòñÿ

keqηeq ∼ 1 (10.57)

Äëèíà âîëíû ñåé÷àñ:

keq
a0

(a0ηeq) = qeq(a0ηeq) =
2π

λeq
(a0ηeq) ∼ 1⇒ (10.58)

λeq ∼ 2π(a0ηeq) = 2π × 120Ìïê ≈ 750Ìïê (10.59)

δ =
1

3
(1 + zeq)δ(i) (10.60)

δ(i) ∼ 3 · 10−5, zeq ≈ 3000⇒ δ ∼ 0.03 (10.61)

Ìîäû, âîøåäøèå ïîä ãîðèçîíò íà ÌÄ-ñòàäèè íå âî-
øëè â íåëèíåéíûé ðåæèì ⇒
Âcåëåííàÿ íà ìàñøòàáàõ 750Ìïê è áîëåå � çàâåäîìî
îäíîðîäíà.

Ñóùåñòâóþùèå ñòðóêòóðû îïðåäåëÿþòñÿ ìîäàìè,
âîøåäøèìè ïîä ãîðèçîíò ðàíüøå � íà ÐÄ-ñòàòäèè.



Ñêîðîñòè

(10.2):

Φ′ +
a′

a
Φ = −4πGa2(ρ + p)v (10.62)

Φ′ = 0, p = 0⇒

v = −a
′

a
Φ

1

4πGa2

1

ρ
=

=

∖
8π

3
Gρ = H2 =

(
2

aη

)2

,
a′

a
=

2

η

∖
=

= −1

3
Φη (10.63)

kv = −Φ

3
kη (10.64)

Ìîäû çà ãîðèçîíòîì kη � 1⇒ kv � Φ
Ïîä ãîðèçîíòîì ñêîðîñòè ðàñòóò kv ∝ η ∝

√
a

Ïðè âñåõ ìàñøòàáàõ, ò.ê. us = 0

Íåðåëÿòèâèñòñêîå âåùåñòâî
íà Λ-äîìèíèðîâàííîé ñòàäèè

(8.32) : a(η) = − 1

HdSη
, H2

dS =
8π

3
GρΛ (10.65)

Λ ñîçäàåò äàâëåíèå, íî íå ñîçäàåò âîçìóùåíèÿ äàâ-
ëåíèÿ!

Ïîòåíöèàë Φ.
Èç (10.3):

Φ′′ + 3
a′

a
Φ′ +

(
2
a′′

a
− a′2

a2

)
Φ = 4πGa2δptot (10.66)

δptot = 0. Ïîäñòàâëÿåì (10.65):

Φ′′ − 3

η
Φ′ +

3

η2
Φ = 0 (10.67)

Äâà òèïà ðåøåíèé:

Φ(η) = const · η ∝ 1

a
(10.68)

Φ(η) = const · η3 ∝ 1

a3
(10.69)

Ïëîòíîñòü

(10.4):

k2Φ + 3
a′

a
Φ′ + 3

a′2

a2
Φ = −4πGa2δρ (10.70)

Ïîäñòàâëÿåì (10.68), ïðåíåáðåãàåì (10.69),
èñïîëüçóåì a′/a = −1/η

k2Φ = −4πGa2δρ⇒ δρ = − k2Φ

4πGa2
(10.71)

δρ

ρ
∝ Φ

a2
· a3 = k2a · 1

a
∝ 1 (íå ðàñòóò) (10.72)

Ñòðóêòóðû áîëüøåãî ìàñøòàáà, ÷åì íàáëþäàþòñÿ
ñåé÷àñ, íå ïîÿâÿòñÿ íèêîãäà.



Ïåðâè÷íûå ñêàëÿðíûå âîçìóùåíèÿ â ìíîãî-
êîìïîíåíòíîé Âñåëåííîé

Îñíîâíûå óðàâåíèÿ äëÿ âîçìóùåíèé â èìïóëüñíîì
ïðåäñòàâëåíèè

Ëèíåàðèçîâàííûå óðàâíåíèÿ Ýéíøòåéíà (9.71)�
(9.73), ïåðåïèñàíû ñ ó÷åòîì íåñêîëüêèõ êîìïîíåíò
ìàòåðèè λ :

k2Φ + 3
a′

a
Φ′ + 3

a′2

a2
Φ = −4πGa2

∑
λ

δρλ (10.73)

Φ′ +
a′

a
Φ = −4πGa2

∑
λ

(ρλ + pλ)vλ (10.74)

Φ′′+ 3
a′

a
Φ′+

(
2
a′′

a
− a′2

a

)
Φ = 4πGa2

∑
λ

δpλ (10.75)

Ëèíåàðèçîâàííûé çàêîí ñîõðàíåíèÿ ÒÝÈ:

δρ′λ+3
a′

a
(δρλ+δpλ)−(ρλ+pλ)(k2vλ+3Φ′) = 0 (10.76)

[(ρλ+pλ)]′+4
a′

a
(ρλ+pλ)vλ+δpλ+(ρλ+pλ)Φ = 0 (10.77)

Äî ðåêîìáèíàöèè:
• Áàðèîí-ýëåêòðîí-ôîòîííàÿ ñðåäà λ = Bγ
• Òåìíàÿ ìàòåðèÿ: λ = CDM .
• Íåéòðèíî (ëåïòîíû): λ = L

Îáîçíà÷åíèÿ è ñâÿçè:

δλ = δρλ/ρλ (10.78)

δpλ = u2
s,λδρλ (10.79)

pλ = wλρλ (10.80)

Óðàâíåíèÿ (10.76) è (10.77) â òåðìèíàõ δλ, wλ, u
2
s,λF:

δ′λ + 3
a′

a
(u2

s,λ − wλ)δλ − (1 + wλ)k2vλ = 3(1 + wλ)Φ′

(10.81)

[(1+wλ)vλ]′+
a′

a
(1−3wλ)(1+wλ)vλ+u2

s,λδλ = −(1+wλ)Φ

(10.82)

Àäèàáàòè÷åñêàÿ ìîäà è ìîäà ïîñòîÿííîé êðè-
âèçíû

Êîíòåêñò:

• Íà÷àëüíûå óñëîâèÿ äëÿ âîçìóùåíèé ñòàâÿòñÿ
ãëóáîêî çà ãîðèçîíòîì.

• Èíòåðåñ ïðåäñòàâëÿþò ìîäû, îòâå÷àþùèå çà
àíèçîòðîïèþ CMB è çà ðîñò ñòðóêòóð âåùåñòâà.

• Òàêèå ìîäû íàõîäÿòñÿ çà ãîðèçîíòîì äëÿ T ∼
100 êýÂ:

� áàðèîíû è ýëåêòðîíû íåðåëÿòèâèñòñòêèå

� CDM íåðåëÿòèâèñòñêàÿ

� íåéòðèíî è CDM çàìîðîæåíû, íå âçàèìîäåé-
ñòâóþò ñ áàðèîí-ýëåêòðîí-ôîòîííîé ïëàçìîé



Îñíîâíûå ïàðàìåòðû êîñìè÷åñêîé ïëàçìû:
• nB, nCDM , nL
• T ∼ s

• Âîîáùå ãîâîðÿ, èìåþò ìåñòî âîçìóùåíèÿ òåìïåðà-
òóðû, ïëîòíîñòè è ñîñòàâà ñðåäû âìåñòå.
• Åñëè âîçìóùåíèÿ ìàëû (ëèíåéíûé ðåæèì), òî
ìîæíî ðàçäåëèòü íà äâå ëèíåéíî-íåçàâèñìûå êîìïî-
íåíòû:
- Âîçìóùåíèÿ ïëîòíîñòè (òåìïåðàòóðû) � îòäåëüíî;
- Âîçìóùåíèÿ ñîñòàâà � îòäåëüíî.

Âîçìóùåíèÿ ïëîòíîñòè � àäèàáàòè÷åñêàÿ ìîäà

Ðåëÿòèâèñòñêîå âåùåñòâî èìååò íåíóëåâûå âîçìó-
ùåíèÿ ïëîòíîñòè ýíåðãèè (òåìïåðàòóðû), íî îòíî-
ñèòåëüíûå âåëè÷èíû, õàðàêòåðèçóþùèå áàðèîííóþ
àñèììåòðèþ, ïëîòíîñòü òåìíîé ìàòåðèè è ïëîòíîñòü
ëåïòîííîâ íå çàâèñÿò îò êîîðäèíàò:

δ
(nB
s

)
= δ

(nCDM
s

)
= δ

(nL
s

)
= 0 (10.83)

Âîçìóùåíèÿ ñîñòàâà � ìîäû ïîñòîÿííîé êðèâèçíû

Ãëóáîêî íà ÐÄ-ñòàäèè âîçìóùåíèÿ ïëîòíîñòè ðåëÿ-
òèâèñòñêîãî âåùåñòâà îòñóòñâóþò, íî:
• Íåîäíîðîäíîñòü áàðèîííîãî ÷èñëà → áàðèîííàÿ
ìîäà ïîñòîÿííîé êðèâèçíû
• Íåîäíîðîäíîñòü ïëîòíîñòè òåìíîé ìàòåðèè →
CDM-ìîäà ïîñòîÿííîé êðèâèçíû
• Íåîäíîðîäíîñòü ëåïòîííîãî ÷èñëà → ëåïòîííàÿ
ìîäà ïîñòîÿííîé êðèâèçíû
(ïðè ïðî÷èõ ôîíîâûõ êîíöåíòðàöèÿõ)

Êðèâèçíà ïîñòîÿííà ïîòîìó, ÷òî èçìåíåíèÿ êîíöå-

íðàöèé ðàññìàòðèâàþòñÿ íà ôîíå ïîñòîÿííîé ïîëíîé
ïëîòíîñòè ýíåðãèè.

Îáùåå îïðåäåëåíèå: äëÿ ìîä ïîñòîÿííîé êðèâèçíû
çà ãîðèçîíòîì âîçìóùåíèå ãðàâèòàöèîííûõ ïîòåíöè-
àëîâ îòñóòñòâóåò.

Íàáëþäåíèÿ ïîêàçûâàþò: âêëàä ìîä ïîñòîÿííîé
êðèâèçíû ìàë.

Àäèàáàòè÷åñêàÿ ìîäà çà ãîðèçîíòîì.
Íà÷àëüíûå óñëîâèÿ äëÿ àäèàáàòè÷åñêîé ìîäû
� ÷òî ýòî òàêîå?

Çà ãîðèçîíòîì âîçìóùåíèÿ ñóùåñòâóþò â âèäå êîí-
ñòàíòíûõ ìîä Φ = Φ(i) = const, δρ/ρ = const è
îáùàÿ ïðîñòðàíñòâåííî-âðåìåííàÿ êàðòèíà, ñîîòâåò-
ñòâóþùàÿ îäíîé êîíñòàíòíîé ìîäå, íà ýâðèñòè÷å-
ñêîì óðîâíå ñîîòâåòñòâóåò íàáîðó íåçàâèñèìûõ îä-
íîðîäíûõ âñåëåííûõ íåñêîëüêî ðàçëè÷àþùèõñÿ ïî
âðåìåíè ýâîëþöèè è ïîòîìó èìåþùèõ ðàçíóþ òåìïå-
ðàòóðó, èëè íà÷àâøèõ ðàçâèâàòüñÿ â ðàçíîå âðåìÿ.

Òîãäà äëÿ àäèàáàòè÷åñêîé ìîäû äëÿ êàæäîé íåçàâè-
ñèìîé êîìïîíåíòû ñðåäû ìîæíî çàïèñàòü:

δρλ = ρ′λδη(x, η) ≡ ρ′λε(x, η) (10.84)

δpλ = p′λδη(x, η) ≡ p′λε(x, η) (10.85)

Ôóíêöèÿ ε(x, η) � îäíà äëÿ âñåõ êîìïîíåíò λ, òàê
êàê ìîäû àäèàáàòè÷åñêèå.



Â òî æå âðåìÿ, ïðè ôèêñèðîâàííîì ñîñòàâå ñðåäû ρ
è p îäíîçíà÷íî çàâèñÿò îò òåìïåðàòóðû ⇒:

δρλ =
∂ρλ
∂T

δT (x, η) (10.86)

δpλ =
∂pλ
∂T

δT (x, η) (10.87)

Òîãäà:

δρλ = ρ′λε =
∂ρλ
∂η

ε =
∂ρλ
∂T

∂T

∂η
ε =

∂ρλ
∂T

δT ⇒ (10.88)

ε(x, η) =
δT (x, η)

T ′
(10.89)

ε(x, η) è δT (x, η) îäíîçíà÷íî ñâÿçàíû, ïîýòîìó îïðå-
äåëåíåíèÿ (10.86,10.87) è (10.84,10.85) ýêâèâàëåíòíû.

Ïðè ýòîì ôîðìóëû (10.86,10.87) ìîæíî ñ÷èòàòü
îïðåäåëåíèåì àäèàáàòè÷åñêîé ìîäû.

Ñîâìåñòèìî ëè îïðåäåëåíèå (10.86,10.87) èëè
(10.84,10.85) ñ óðàâíåíèÿìè (10.73)�(10.77)?

Ïîêàæåì, ÷òî Φ (à ñëåäîâàòåëüíî è âñå îñòàëüíîå)
äåéñòâèòåëüíî âûðàæàåòñÿ òîëüêî ÷åðåç ε � ïðè òîì,
÷òî óðàâíåíèÿ çàïèñàíû äëÿ îòäåëüíûõ êîìïîíåíò λ.

Èñïîëüçóåì (10.76). Çà ãîðèçîíòîì ìîæíî ñ÷èòàòü
k = 0, îñòàåòñÿ:

δρλ + 3
a′

a
(δρλ + δpλ)− (ρλ + pλ)3Φ′ =

=

∖
δρλ = ρ′λε; ρ

′
λ = −3

a′

a
(ρλ + pλ) êîâ. ñîõð. (8.29)

∖
= −3(ρλ + pλ)

[(
a′

a
ε

)′
+ Φ′

]
= 0⇒ (10.90)

Φ′ = −
(
a′

a
ε

)′
(10.91)

� Çàâèñèìîñòè îò λ íåò!

Ðåøåíèå (10.91):

Φk(x, η) = −a
′

a
ε(x, η)− ζ(x,k) (10.92)

ζ(x,k) âàæíà, ò.ê., â äåéñòâèòåëüíîñòè, è îïðåäåëÿåò
êîíñòàíòíóþ ìîäó çà ãîðèçîíòîì.

Èç êîâàðèàíòíîãî ñîõðàíåíèÿ (8.29)

ρ′λ = −3
a′

a
(ρλ + pλ)⇒ (10.93)

a′

a
= −1

3

ρ′λ
(ρλ + pλ)

=

∖
ρ′λ =

δρλ
ε

∖
=

= −1

3

δρλ
ε(ρλ + pλ)

⇒ (10.94)



ζ(k) = −Φ +
1

3

δρλ
ρλ + pλ

= −Φ +
1

3

δρtot
ρtot + ptot

(10.95)

� òàê êàê ìîäà àäèàáàòè÷åñêàÿ

ζ(k) = −Φ +
1

3

δρtot
ρtot + ptot

(10.96)

� íå çàâèñèò îò âðåìåíè, â òî âðåìÿ, êàê ñëàãàåìûå
â ï.÷. ìîãóò çàâèñåòü îò âðåìåíè!

Âûðàçèì Φ òîëüêî ÷åðåç ζ.
Ðåøàåì óðàâíåíèå (10.73)

k2Φ + 3
a′

a
Φ′ + 3

a′2

a2
Φ = −4πGa2

∑
λ

δρλ (10.97)

• Äëÿ êîíñòàíòíîé ìîäû k = 0
• Ïîäñòàâëÿåì δρλ = ρλε
• Ïîäñòàâëÿåì Φ èç (10.92)

• Èñïîëüçóåì ρtot =
3

8πG

a′2

a4

2
a′

a
ε + ε′ + ζ = 0 F (10.98)

Ðåøåíèå âàðèàöèåé ïîñòîÿííûõ.
Îáùåå ðåøåíèå ïðè ζ = 0⇒ ε = Ca−2

� ïàäàþùàÿ ìîäà, äîëæíî áûòü îòáðîøåíî ⇒ ζ 6= 0
Îòâåò:

ε(η) = −ζ 1

a2(η)

∫ η

0

a2(η)dη (10.99)

Íèæíèé ïðåäåë âûáðàí èñõîäÿ èç ε(η → 0) = 0, òàê

êàê òîëüêî â ýòîì ñëó÷àå Φ = −a
′

a
ε − ζ êîíå÷åí â

η = 0.

Óðàâíåíèå (10.75) ñ (10.99) óäîâëåòâîðÿåòñÿ àâòîìà-
òè÷åñêè F.

Φ = −ζ
(

1− a′

a3

∫ η

0

a2(η)dη

)
(10.100)

Èç (10.74) èùåòñÿ ïîòåíöèàë ñêîðîñòè vλ
(è ñàìà ñêîðîñòü)

⇒ ζ(k) ïîëíîñòüþ îïðåäåëÿåò àäèàáàòè÷åñêóþ ìîäó
çà ãîðèçîíòîì.

Âìåñòî ζ ìîæíî èñïîëüçîâàòü (è ÷àñòî èñïîëüçóåòñÿ)
âåëè÷èíó

R = −Φ +
a′

a
vtot; vtot ≡

∑
λ(ρλ + pλ)vλ∑
λ(ρλ + pλ)

(10.101)

Èç (10.73), (10.74) è

δρλ
ρλ + pλ

=
δρtot

ρtot + ptot
(àäèàáàòè÷íîñòü) (10.102)

ñëåäóåò F

ζ −R = − k2Φ

12πGa2(ρ + p)tot
→ 0 â ïðåäåëå k → 0

(10.103)
Çà ãîðèçîíòîì ζ è R � îäíî è òî æå.



Â êà÷åñòâå íà÷àëüíîãî óñëîâèÿ äëÿ àäèàáàòè÷å-
ñêèõ ñêàëÿðíûõ ìîä ìîæíî âçÿòü
ζ(i)(k) èëè R(i)(k)

Íà ÐÄ-ñòàäèè, äëÿ ãëàâíûõ ÓÐ ìîä çà ãîðèçîíòîì
(10.17) (ïîñêîëüêó ÓÐ ìîäû äîìèíèðóþò)

δrad = −2Φ (10.104)

ptot = ρtot/3⇒

ζ = −Φ +
δρtot

3(ρtot + ptot)
= −Φ +

1

4
δ = −3

2
Φ ⇒

(10.105)

Φ = −2

3
ζ = −2

3
R (10.106)

Ýòî æå ìîæíî ïîëó÷èòü èç (10.100) â ïðåäåëå η → 0

Íà÷àëüíûå óñëîâèÿ äëÿ ÍÐ âåùåñòâà

Íà ÐÄ ñòàäèè, íå ñëèøêîì çàäîëãî äî ÐÄ→ÌÄ ïåðå-
õîäà èìååòñÿ íåðåëÿòèâèñòñêîå âåùåñòâî � B è CDM.
Äëÿ ÍÐ âåùåñòâà

ρM ∝ 1/a3 ⇒ ρ′M = −3ρM
a′

a
(10.107)

Äëÿ ÓÐ âåùåñòâà

ρrad ∝ 1/a4 ⇒ ρ′rad = −4ρrad
a′

a
(10.108)

Îòñþäà

δM =
δρM
ρM

=
ρ′Mε

ρM
= −3

a′

a
ε (10.109)

δrad =
δρrad
ρrad

=
ρ′radε

ρrad
= −4

a′

a
ε (10.110)

δM =
3

4
δrad = −3

2
Φ = R (10.111)

Ýòè ñîîòíîøåíèÿ âûïîëíÿþòñÿ äëÿ êàæäîé êîìïî-
íåíòû â îòäåëüíîñòè: B, CDM, γ. . .

Èòîã:

Φ(k) = −2

3
ζ(k) = −2

3
R(k) (10.112)

δrad(k) =
4

3
R(k) (10.113)

δM(k) = R(k) (10.114)

Íà÷àëüíûå óñëîâèÿ äëÿ ìîä ïîñòîÿííîé êðè-
âèçíû

Äëÿ ìîä ïîñòîÿííîé êðèâèçíû ζtot = Rtot ≡ 0 ïî
îïðåäåëåíèþ.

Äëÿ êàæäîé îòäåëüíîé êîìïîíåíòû λ:

ζλ = −Φ +
δρλ

3(ρλ + pλ)
(10.115)

íå çàâèñèò îò âðåìåíè (ñì. (10.95)).

Íà÷àëüíûå óñëîâèÿ äëÿ ìîä ïîñòîÿííîé êðèâèçíû
âûðàæàþòñÿ ÷åðåç ζλ:

Sλ,λ′ = 3(ζλ − ζλ′) =
δλ

1 + wλ
− δλ′

1 + wλ′
(10.116)



Îáû÷íî λ′ = γ; Sλ ≡ Sλ,γ

Sλ = δλ −
3

4
δγ, λ = B, CDM (10.117)

Äëÿ ÓÐ ìàòåðèè (γ)

sγ = gγ
4π2

90
T 3 (10.118)

nγ = gγ
ζ(3)

π2
T 3 (10.119)

ργ = gγ
π2

30
T 4 (10.120)

δsγ
sγ

= 3
δT

T
(10.121)

δnγ
nγ

= 3
δT

T
(10.122)

δργ
ργ

= 4
δT

T
(10.123)

(10.124)

δsγ
sγ

=
δnγ
nγ

=
3

4
δγ (10.125)

δ(nλ/sγ)

nλ/sγ
=
δnλ
nλ
− δsγ

sγ
=
δnλ
nλ
− 3

4
δγ =

= \λ− ÍÐ\ =
δρλ
ρλ
− 3

4
δγ = δλ −

3

4
δγ ⇒ (10.126)

Sλ =
δ(nλ/s)

nλ/s
− ¾Ýíòðîïèéíûå ìîäû¿ (10.127)


