
Ëåêöèÿ 9

Ðàçëîæåíèå âîçìóùåíèé ïî ñïèðàëüíîñòÿì. Ëèíåàðèçîâàííûå
óðàâíåíèÿ äëÿ âîçìóùåíèé. Ìîäû çà ãîðèçîíòîì è ìîäû ïîä
ãîðèçîíòîì. Ýâîëþöèÿ âåêòîðíûõ è òåíçîðíûõ ìîä.
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Ðàçëîæåíèå âîçìóùåíèé ïî ñïèðàëüíîñòÿì:
ñêàëÿðíûå, âåêòîðíûå, òåíçîðíûå ìîäû

Òàê êàê âñå óðàâíåíèÿ ïèøóòñÿ â ëèíåéíîì ïîðÿäêå
ïî âîçìóùåíèÿì, òî ðàçíûå êîìïîíåíòû Ôóðüå ìîæ-
íî èçó÷àòü îòäåëüíî:

hµν(η,x) =

∫
d3k eikxhµν(η,k) (9.1)

è ò.ä. äëÿ δρ, δp, vi. Ïåðåõîä îò êîìïîíåíò Ôóðüå ê
ïðîñòðàíñòâåííûì âåëè÷èíàì â óðàâíåíèÿõ è îáðàò-
íî:

∂i ↔ iki (9.2)

Ìîäà Ôóðüå � ïëîñêàÿ âîëíà � èíâàðèàíòíà îòíîñè-
òåëüíî ïðîñòðàíñòâåííûõ âðàùåíèé âîêðóã âåêòîðà
k � ¾ìàëàÿ ãðóïïà SO(2)¿.

Òåíçîðíûå èíäåêñû (hik, vi, δρ) ïðè âðàùåíèÿõ âî-
êðóã k ïðåîáðàçóþòñÿ äðóã ÷åðåç äðóãà ⇒
ìîäû ñ îïðåäåëåííîé ñïèðàëüíîñòüþ (3 òèïà).

1. Ñêàëÿðíûå ìîäû (ñïèðàëüíîñòü 0)

Îáúåêò ïðè âðàùåíèÿõ ìàëîé ãðóïïû SO(2) íå ïðå-
îáðàçóåòñÿ.
Òèïû ñêàëÿðíûõ ìîä (4 øòóêè)

• 3-ñêàëÿð (δρ, δp, . . . )
• Âåêòîð, ||k
• Òåíçîð, ∝ kikj (ò.ê. ki, kj íå ìåíÿþòñÿ)

• Òåíçîð, ∝ δi,j

2. Âåêòîðíûå ìîäû (ñïèðàëüíîñòü 1)

Ïðåîáðàçóþòñÿ êàê âåêòîð, îðòîãîíàëüíûé k

  

e(1)

e(2) e(2)'

e(1)'



e(1), e(2),k � ïðàâàÿ òðîéêà.
Ïîâîðîò ïî ×.Ñ. íà α

e(1)′ = e(1) cosα− e(2) sinα

e(2)′ = e(1) sinα + e(2) cosα (9.3)

e± = e(1) ± ie(2) (9.4)

e(+)′(α) = e(1)′(α) + ie(2)′(α) = eiαe(+) (9.5)

L̂αe
(+)′(α) = −i ∂

∂α
(eiαe(+)) = +1e(+)′(α) (9.6)

� ñïèðàëüíîñòü +1

L̂αe
(−)′(α) = −1e(−)′(α) (9.7)

� ñïèðàëüíîñòü −1



Ïîèçâîëüíûé ïîïåðå÷íûé âåêòîð ÿâëÿåòñÿ ñìåñüþ
ñïèðàëüíîñòåé −1 è +1:

S = α−e
(−) + α+e

(+) (9.8)

Åäèíè÷íóþ ñïèðàëüíîñòü èìåþò (2 òèïà)

• Ïîïåðå÷íûå âåêòîðû
• Òåíçîðû ñî ñòðóêòóðîé kiW

T
j , ãäåW

T
j � ïîïåðå÷-

íûé âåêòîð, òî åñòü kiW
T
i = 0

(ñêàëÿðíûå ìîäû èìåþò ñïèðàëüíîñòü 0,
ò.ê. îíè íå çàâèñÿò îò ïîâîðîòà α)

3. Òåíçîðíûå ìîäû (ñïèðàëüíîñòü 2), 1 òèï

Ðàññìîòðèì ñèììåòðè÷íûå, áåññëåäîâûå, ïîïåðå÷-
íûå 3-ìåðíûå òåíçîðû:

• hij = hji � 3 óñëîâèÿ

• hii = 0 � 1 óñëîâèå

• kihij = 0 � ïîïåðå÷íîñòü, 3 óñëîâèÿ

9 ïàðàìåòðîâ, 7 óñëîâèé, 2 � ñâîáîäíûå ⇒
Ðàçìåðíîñòü = 2
Èç e(1), e(2) ïîñòðîèì äâà òåíçîðà:

e
(+)
ij =

1√
2

(e
(1)
i e

(1)
j − e

(2)
i e

(2)
j ) (9.9)

e
(×)
ij =

1√
2

(e
(1)
i e

(2)
j + e

(2)
i e

(1)
j ) (9.10)

(9.11)

� ëèíåéíî íåçàâèñèìû, ñèììåòðè÷íû, áåññëåäîâû,
ïîïåðå÷íû ïî îïðåäåëåíèþ.

e
(±2)
ij = e

(+)
ij ± ie

(×)
ij (9.12)

Ýëåìåíòàðíî ïðîâåðÿåòñÿ:

e
(+2)′

ij (α) = e+2iαe
(+2)′

ij ⇒ L̂αe
(+2)′

ij (α) = +2e
(+2)′

ij

(9.13)

e
(−2)′

ij (α) = e−2iαe
(−2)′

ij ⇒ L̂αe
(−2)′

ij (α) = −2e
(−2)′

ij

(9.14)
� îáúåêòû ñî ñïèðàëüíîñòüþ ±2.

• 4 òèïà ñêàëÿðîâ (ñïèðàëüíîñòü 0), 2 òèïà âåêòîðîâ
(ñïèðàëüíîñòü 1), 1 òèï òåçîðîâ (ñïèðàëüíîñòü 2) äî-
ñòàòî÷íî äëÿ ðàçëîæåíèÿ ïî íèì âñåõ âåëè÷èí, íóæ-
íûõ äëÿ òåîðèè êîñìîëîãè÷åñêèõ âîçìóùåíèé (ñì.
ñëåä. ñëàéä).

• Äèôôåðåíöèðîâàíèå êîìïîíåíò Ôóðüå ïî xj
(óìíîæåíèå íà ikj) íå ìåíÿåò ñïèðàëüíîñòè ⇒

Ëèíåàðèçîâàííûå (è ïîòîìó ëèíåéíûå) óðàâíå-
íèÿ ðàçáèâàþòñÿ íà íåçàâèñèìûå êîìïîíåíòû
äëÿ ìîä ðàçíîé ñïèðàëüíîñòè.

Ìîäû ðàçíîé ñïèðàëüíîñòè ýâîëþöèîíèðóþò ñóùå-
ñòâåííî ïî-ðàçíîìó!



Ðàçëîæåíèå hij è vi ïî ñïèðàëüíîñòÿì

Â êàëèáðîâêå h0i = 0

hµν = h00 ⊕ hij (9.15)

h00 íå çàâèñèò îò ïîâîðîòîâ â ïëîñêîñòè (ij)⇒

h00 = 2Φ− ñêàëÿð (9.16)

hij åñòü êîìáèíàöèÿ âñåõ âîçìîæíûõ ñïèðàëüíîñòåé:

hij(η,k) = −2Ψδij − 2kikjE ñïèðàëüíîñòü 0
+i(kiW

T
j + kjW

T
i ) ñïèðàëüíîñòü 1

+hTTij ñïèðàëüíîñòü 2
(9.17)

Ψ, E � ñêàëÿðíûå ìîäû (2 ïàðàìåòðà)
W T

j � âåêòîðíûå ìîäû (2 ïàðàìåòðà)

hTTij � òåíçîðíûå ìîäû (2 ïàðàìåòðà).

Âñåãî 6 ïàðàìåòðîâ, ñòîëüêî æå íåçàâèñèìûõ ýëåìåí-
òîâ â ñèììåòðè÷íîé ìàòðèöå hij

Ðàçëîæåíèå äëÿ ñêîðîñòè:

vi(η,k) = ikiv(η,k) ñïèðàëüíîñòü 0
+V T

i (η,k) ñïèðàëüíîñòü 1
(9.18)

v � ñêàëÿðíàÿ ìîäà (1 ïàðàìåòð)
V T
i � âåêòîðíûå ìîäû (2 ïàðàìåòðà)

Âñåãî 3 ïàðàìåòðà, ñòîëüêî æå íåçàâèñèìûõ êîìïî-
íåíò âåêòîðà vi

Åñëè ïîä v(η,k) ïîíèìàòü âñþ êîìïîíåíòó Ôóðüå, òî

ikiv(η,k) = ∂iv(η,k) (9.19)

ïîýòîìó v(η,k) èíîãäà íàçûâàþò ïîòåíöèàëîì ñêî-
ðîñòè.

Êîìïîíåíòû ÒÝÈ

Ñêàëÿð:

δT 0
0 = δρ (9.20)

Âåêòîð è ñêàëÿð (ñì. (9.18)):

δT 0
i = −(ρ + p)vi (9.21)

Ñêàëÿð:

δT ij = −δijδp (9.22)

Òåíçîðíîãî âêëàäà íåò!



Ëèíåàðèçîâàííûå óðàâíåíèÿ äëÿ âîçìóùåíèé

Êîâàðèàíòíîå ñîõðàíåíèå ÒÝÈ

∇µT
µ
ν = ∂µT

µ
ν + ΓµµλT

λ
ν − ΓλµνT

µ
λ = 0 (9.23)

Γλµν ñ÷èòàþòñÿ â ìåòðèêå

gµν = a2(ηµν + hµν) (9.24)

â êàëèáðîâêå h0i = 0 F

Γ0
00 =

a′

a
+

1

2
h′00 (9.25)

Γ0
0i = Γi00 =

1

2
∂ih00 (9.26)

Γi0j =
a′

a
δij −

1

2
h′ij (9.27)

Γ0
ij =

a′

a
(1− h00)δij −

a′

a
hij −

1

2
h′ij (9.28)

Γijk = −1

2
(∂jhik + ∂khij − ∂ihjk) (9.29)

Ïîäñòàâëÿåì â (9.23), èñïîëüçóåì âûðàæåíèÿ äëÿ
δT , ïîëó÷àåì äâà óðàâíåíèÿ F:

δρ′ + 3
a′

a
(δρ + δp) + (ρ + p)

(
∂ivi −

1

2
h′
)

= 0 (9.30)

∂iδp+(ρ+p)

(
4
a′

a
vi +

1

2
∂ih00

)
+[vi(ρ+p)]′ = 0 (9.31)

ãäå h = hii

Ëèíåàðèçîâàííûå óðàâíåíèÿ Ýéíøòåéíà

δGν
µ = 8πGδT µν (9.32)

a2δG0
0 = −3h00

(
a′

a

)2

− 1

2
∂i∂jhij +

1

2
∆h− a

′

a
h′ (9.33)

a2δG0
i =

1

2
∂ih
′ − 1

2
∂jh

′
ij +

a′

a
∂ih00 (9.34)

a2δGi
j =

1

2
∂i∂khjk +

1

2
∂j∂khik +

1

2
h′′ij −

1

2
∆hij+

+
1

2
∂i∂jh00 −

1

2
∂i∂jh +

a′

a
h′ij−

− δij
[

1

2
h′′ +

1

2
∆h00 +

1

2
∂l∂khlk −

1

2
∆h+

+2
a′′

a
h00 −

(
a′

a

)2

h00 +
a′

a
(h′00 + h′)

]
(9.35)

Òåíçîðíûå ìîäû (Äëÿ êîìïîíåíò Ôóðüå!)

Â âûðàæåíèÿõ äëÿ δT µν [èäåàëüíàÿ æèäêîñòü]
(8.124)�(8.128) òåíçîðíîãî âêëàäà íåò, ïîýòîìó óðàâ-
íåíèå äëÿ òåíçîðíûõ ìîä îäíîðîäíîå F:

∂2
ηh

TT
ij + 2

a′

a
∂ηh

TT
ij −∆hTTij = 0 (9.36)

Ýòî óðàâíåíèå äëÿ ãðàâèòàöèîííûõ âîëí â ïð-âå
Ôðèäìàíà.
Â ñòàòè÷åñêîì ïðåäåëå Ìèíêîâñêîãî η → t, a′ = 0 è
óðàâíåíèå ïåðåõîäèò â îáû÷íîå âîëíîâîå óðàâíåíèå

∂2
t h

TT
ij −∆hTTij = 0 (9.37)



Âåêòîðíûå ìîäû

Âåêòîðíûå ìîäû ìåòðè÷åñêîãî òåíçîðà, ñêîðîñòè è
ÒÝÈ

hij = i(kiW
T
j + kjW

T
i ) = ∂iW

T
j + ∂jW

T
i (9.38)

vi = V T
i ; ikiVi = ∂iVi = 0 (9.39)

δT 0
i = −(ρ + p)vi (9.40)

Ëèíåàðèçîâàííûå óðàâíåíèÿ Ýéíøòåéíà:

00-êîìïîíåíòà óäîâëåòâîðÿåòñÿ òîæäåñòâåííî F;

0i-êîìïîíåíòû

∂η∆W
T
i = 16πGa2(ρ + p)V T

i (9.41)

ij-êîìïîíåíòû

∂2
ηW

T
i + 2

a′

a
∂ηW

T
i = 0 (9.42)

Îòêóäà â 0i-êîìïîíåíòå 3-ÿ ïðîèçâîäíàÿ? Ïîëó÷èì:

δG0
i =

1

a2

(
1

2
∂ih
′ − 1

2
∂jh

′
ij +

a′

a
∂ih00

)
= 8πGδT 0

i

(9.43)
h00 ≡ 0⇒ (9.44)

∂jh
′
ij − ∂ih′ = a216πG(ρ + p)V T

i (9.45)

∂jh
′
ij = ∂η∂j(∂iW

T
j +∂jW

T
i ) = ∂η[∂j∂iW

T
j +∂j∂jW

T
i ] =

= ∂η∂j∂iW
T
j + ∂η∆W

T
i (9.46)

∂j∂iW
T
j = −kikjW T

j = 0 (ïîïåðå÷íîñòü) (9.47)

h = i2kjW
T
j = 0 (ïîïåðå÷íîñòü) (9.48)

∂η∆W
T
i = 16πGa2(ρ + p)V T

i (9.49)

èëè
−k2∂ηW

T
i = 16πGa2(ρ + p)V T

i (9.50)

Èç êîâàðèàíòíûõ ñîõðàíåíèé íåòðèâèàëüíî îäíî:

∂η[(ρ + p)V T
i ] + 4

a′

a
(ρ + p)V T

i = 0 (9.51)

Óðàâíåíèå (9.42) ÿâëÿåòñÿ ñëåäñòâèåì (9.51) è (9.41).

Îäíîðîäíîå óðàâíåíèå (9.41) (ρ = 0) èìååò ðåøåíèåì
ëþáóþ ôóíêöèþ x, íå çàâèñÿùóþ îò η � ýòî ÷èñòàÿ
êàëèáðîâêà.
Óñòðàíÿåòñÿ ïðåîáðàçîâàíèåì (ñì. (8.102)):

ξi = W T
i (x), ξ0 = 0 (9.52)

h̃ij = hµν − ∂µξν − ∂νξµ − 2ηµνξλ
∂λa

a
=

= ∂iW
T
j + ∂jW

T
i − ∂iW T

j − ∂jW T
i − 2ηijW

T
j

∂ja

a
= 0

(9.53)

Âåêòîðíûå ìîäû ãðàâ. ïîëÿ â îòñòóòñâèè èñòî÷íèêîâ
íå ðàñïðîñòðàíÿþòñÿ.



Ñêàëÿðíûå ìîäû,
êîíôîðìíàÿ Íüþòîíîâà êàëèáðîâêà

h̃µν = hµν − ∂µξν − ∂νξµ − 2ηµνξλ
∂λa

a
(9.54)

Èñïîëüçóåì âîçìîæíîñòü îñòàòî÷íîé êàëèáðîâêè, íå
íàðóøàþùåé óñëîâèÿ h0i = 0 (ñì. (8.101)):

∂0ξi + ∂iξ0 = 0 (9.55)

Îáùèé âèä òàêîé êàëèáðîâêè:

ξi = −∂iσ(η,x), ξ0 = ∂ησ(η,x) (9.56)

h̃ij = hij − 2∂i∂jσ − 2
a′

a
δijσ

′ (9.57)

Îáùèé âèä ñêàëÿðíîé ìîäû hij:

hij = −2Ψδij − 2kikjE (9.58)

Â êîîðäèíàòíîì ïðåäñòàâëåíèè

hij = −2Ψδij + 2∂i∂jE (9.59)

h̃ij = −2Ψδij + 2∂i∂jE − 2∂i∂jσ − 2
a′

a
δijσ

′ (9.60)

Ïîäáèðàåì σ:

2∂i∂jσ + 2
a′

a
δijσ

′ = ∂i∂jE (9.61)

Êàëèáðîâêà ïîëíîñòüþ ôèêñèðîâàíà.
Äëÿ ñêàëÿðíûõ ìîä îñòàåòñÿ:

h00 = 2Φ (9.62)
hij = −2Ψδij (9.63)

vi = ∂iv [èëè ikiv] (9.64)

Ìåòðèêà:

ds2 = a2(η)[(1 + 2Φ)dη2 − (1 + 2Ψ)dx2] (9.65)

Â Íüþòîíîâîì ïðåäåëå Φ � ãðàâèòàöèîííûé ïîòåí-
öèàë

Èç (9.33)�(9.35) òåíçîð Ýéíøòåéíà äëÿ ñêàëÿðíûõ
ìîä:

δG0
0 =

2

a2

(
−∆Ψ + 3

a′

a
Ψ′ − 3

a′2

a2
Φ

)
(9.66)

δG0
i =

2

a2

(
−∂iΨ′ +

a′

a
∂iΦ

)
(9.67)

δGi
j =

1

a2
∂i∂j(Φ + Ψ)−

− 2

a2
δij

[
−Ψ′′ +

1

2
∆(Φ + Ψ) +

a′

a
(Φ′ − 2Ψ′)+

+Φ

(
2
a′′

a
− a′2

a

)]
(9.68)

Â èíäåêñàõ (i, j) äëÿ ñêàëÿðíûõ ìîä

δT ij = −δijδp (9.69)

Íåò ñòðóêòóðû ∂i∂j, êîòîðàÿ åñòü â δG
i
j ⇒

Φ + Ψ = 0⇒ Ψ = −Φ (9.70)



Óðàâíåíèÿ Ýéíøòåéíà äëÿ ñêàëÿðíûõ ìîä:

∆Φ− 3
a′

a
Φ′ − 3

a′2

a2
Φ = 4πGa2δρtot (9.71)

Φ′ +
a′

a
Φ = −4πGa2[(ρ + p)v]tot (9.72)

Φ′′ + 3
a′

a
Φ′ +

(
2
a′′

a
− a′2

a2

)
Φ = 4πGa2δptot (9.73)

Óðàâíåíèÿ êîâàðèàíòíîãî ñîõðàíåíèÿ
(λ � òèï ìàòåðèè):

δρ′λ+ 3
a′

a
(δρλ+ δpλ) + (ρλ+pλ)(∆vλ−3Φ′) = 0 (9.74)

[(ρλ + pλ)vλ]′ + 4
a′

a
(ρλ + pλ)vλ + δpλ + (ρλ + pλ)Φ = 0

(9.75)

Íå âñå óðàâíåíèÿ (9.71)�(9.75) íåçàâèñèìû.

Ñèñòåìà íå ïîëíà: íóæíû óðàâíåíèÿ ñîñòîÿíèÿ:

pλ = wλρλ (9.76)

è ñêîðîñòè çâóêà

δpλ = u2
sλδpλ (9.77)

Âîîáùå ãîâîðÿ, wλ 6= u2
sλ òàê êàê wλ 6= const!

Â îñòñóòñòâèå ìàòåðèè (9.71)�(9.73) íå èìåþò íåòðè-
âèàëüíûõ ðåøåíèé ⇒ ñâîáîäíîå ãðàâ. ïîëå íå èìå-
åò ðàñïðîñòðàíÿþùèõñÿ ñêàëÿðíûõ (è âåêòîðíûõ!)
ìîä. Âñå ðàñïðîñòðàíÿþùèåñÿ ìîäû � òåíçîðíûå,
ñïèðàëüíîñòü ±2 (èëè ñìåñü).

Ìîäû çà ãîðèçîíòîì è ìîäû ïîä ãîðèçîíòîì

Äëèíà âîëíû âîçìóùåíèÿ

λ(η) =
2π

q(η)
(9.78)

Äëÿ ÐÄ-ñòàäèè lH(η) = 1/H(η),
Äëÿ ÄÌ-ñòàäèè lH(η) = 2/H(η),
Âñåãäà lH(η) ∼ 1/H(η)

Âàæíî ðàçëè÷àòü ñëó÷àè:
Äàëåêî çà ãîðèçîíòîì

λ(η)� lH(η)⇒ q(η)� H(η) (9.79)

Ãëóáîêî ïîä ãîðèçîíòîì

λ(η)� lH(η)⇒ q(η)� H(η) (9.80)



ÐÄ è ÄÌ-ñòàäèè èäóò ñ çàìåäëåíèåì óñêîðåíèÿ ⇒
lH(t)

λ(t)
=

q(t)

H(t)
=
k/a(t)

H(t)
∝ 1/tα

1/t
= t1−α (9.81)

α < 1⇒ îòíîøåíèå ðàñòåò,
ìîäà ìîæåò âîéòè ïîä ãîðèçîíò

1q(
t)
/H

(t
)

ttX

Íà ÐÄ-ñòàäèè

lH =
1

H
=

1

a′/a2
=

const2η2

const
= const · η · η = a(η)η

(9.82)
Íà ÄÌ-ñòàäèè

lH =
2

H
=

2

a′/a2
=

2const2η4

2const η
= const · η2 · η = a(η)η

(9.83)
Óñëîâèå âõîäà ïîä ãîðèçîíò

λ(η) ∼ lH(η) (9.84)

λ(η) =
2π

q(η)
=

2π

k/a(η)
=

2πa(η)

k
∼ a(η)η (9.85)

⇒ kη× ∼ 2π ∼ 1 (9.86)

1

k
� η − çà ãîðèçîíòîì (9.87)

1

k
� η − ïîä ãîðèçîíòîì (9.88)

Ýêâèâàëåíòíîå óñëîâèå

k � a′

a
− çà ãîðèçîíòîì (9.89)

k � a′

a
− ïîä ãîðèçîíòîì (9.90)

Îñîáåííî âàæåí ìîìåíò ηeq (ÐÄ → ÄÌ).
Ïîä ãîðèçîíò âõîäÿò âîëíû

keq ∼
1

ηeq
(9.91)

Èõ ñîâðåìåííûé èìïóëüñ (âîëíîâîå ÷èñëî)

q(0)
eq =

keq
a0

=
1

a0ηeq
(9.92)

λ(0)
eq =

2π

q
(0)
eq

= 2πa0ηeq = 2π · 1.2 · 102 Ìïê = 750Ìïê

(9.93)



Ýâîëþöèÿ âåêòîðíûõ ìîä

Âåêòîðíûå ìîäû:

hij = ∂iW
T
j + ∂jW

T
i (9.94)

vi = V T
i (9.95)

h00 = 0 (9.96)
δp = δρ = 0 (9.97)

δT 0
i = (ρ + p)V T

i (9.98)

Êîâàðèàíòíîå ñîõðàíåíèå:

∂η[(ρ + p)V T
i ] + 4

a′

a
(ρ + p)V T

i = 0 (9.99)

(0, i)-êîìïîíåíòà óðàâíåíèé Ýéíøòåéíà:

∂η∆W
T
i = 16πGa2(ρ + p)V T

i (9.100)

Èç (9.99):

∂η[(ρ + p)V T
i ]

(ρ + p)V T
i

= −4
∂ηa

a
⇒ (9.101)

(ρ + p)V T
i = const · a−4 (9.102)

Åñëè ñðåäà ÍÐ, òî ïîõîæå íà ñîõðàíåíèå ìîìåíòà.
Äëÿ êàæäîé êîìïîíåíòû ñðåäû λ (9.102) âûïîëíÿåò-
ñÿ îòäåëüíî.

Äëÿ ðåëÿòèâèñòñêîãî âåùåñòâà p ∝ ρ ∝ a−4 ⇒

V T
i = const (9.103)

Äëÿ íåðåëÿòèâèñòñêîãî âåùåñòâà p = 0, ρ ∝ a−3 ⇒

V T
i = const/a (9.104)

Âåêòîðíûå ìîäû vi ëèáî íå ðàñòóò, ëèáî óáûâàþò.

Èç (9.100) è (9.102):

∂η(−k2)W T
i = 16πGa2const

a4
= const

1

a2
(9.105)

ÐÄ-ñòàäèÿ:

∂ηW
T
i =

const

const η2
=

const

η2
⇒ (9.106)

W T
i =

const

η
=

const

a
(9.107)

ÄÌ-ñòàäèÿ:

∂ηW
T
i =

const

const η4
=

const

η4
⇒ (9.108)

W T
i =

const

η3
=

const

a3/2
(9.109)

ΛÄ-ñòàäèÿ

∂ηW
T
i =

const

(−1/HdSη)2
= const η2 ⇒ (9.110)

W T
i = const η3; η = − 1

aHdS
⇒ (9.111)



W T
i =

const

a3
(9.112)

Âåêòîðíûå ìîäû ãðàâèòàöèè ïàäàþò âî âñåõ ðåæè-
ìàõ ýâîëþöèè ⇒
ïàäàþùèå ìîäû íå äîëæíû ñåáÿ ïðîÿâëÿòü, òàê êàê
âåäóò ê ñèíãóëÿðíîñòè â íà÷àëüíûõ óñëîâèÿõ.

Îáû÷íî ñ÷èòàåòñÿ, ÷òî âåêòîðíûõ ìîä íåò
(êàê è ëþáûõ ïàäàþùèõ ìîä!).

Ýâîëþöèÿ òåíçîðíûõ ìîä (ðåëèêòîâûå ãðàâè-
òàöèîííûå âîëíû)

Óðàâíåíèå Ýéíøòåéíà äëÿ òåíçîðíûõ ìîä (ñì.
(9.36))

∂2
ηh

TT
ij + 2

a′

a
∂ηh

TT
ij −∆hTTij = 0 (9.113)

hTTij =
∑
A

e
(A)
ij h

(A); A = +,× (9.114)

Èç (9.113) äëÿ êàæäîé (A):

∂2
ηh

(A) + 2
a′

a
∂ηh

(A) −∆h(A) = 0; (9.115)

èëè â èìïóëüñíîì ïðåäñòàâëåíèè (äëÿ ëþáîé èç êîì-
ïîíåíò)

h′′ + 2
a′

a
h′ + k2h = 0 (9.116)

Òåíçîðíûå ìîäû çà ãîðèçîíòîì: êîíñòàíòíàÿ
ìîäà è ïàäàþùàÿ ìîäà

Óñëîâèå íà k äëÿ ìîä çà ãîðèçîíòîì (9.89):

k � a′

a
(9.117)

Ïðåíåáðåãàåì â (9.116) ÷ëåíîì k2h:

h′′ + 2
a′

a
h′ = 0 (9.118)

Îäíî èç ðåøåíèé � êîíñòàíòíàÿ ìîäà:

h = h(i) = const (9.119)

Äðóãîå ðåøåíèå � ïàäàþùàÿ ìîäà:

h(η) = const

∫ ∞
η

dη

a2(η)
(9.120)

Âåäåò ñåáÿ êàê ïàäàþùàÿ âåêòîðíàÿ ìîäà

ÐÄ : h ∝ a−1

ÄÌ : h ∝ a−3/2

ΛÄ : h ∝ a−3

Ñëåäîâàòåëüíî òàêèå ðåøåíèÿ íå ðàññìàòðèâàþòñÿ.

Âñå òåíçîðíûå ìîäû çà ãîðèçîíòîì � òîëüêî êîí-
ñòàíòíûå ìîäû

hA = hA(i)(k); A = +,× (9.121)



Òåíçîðíûå ìîäû ïîä ãîðèçîíòîì. Ñøèâêà ñ
êîíñòàíòíîé ìîäîé

Ââåäåì íîâóþ ïåðåìåííóþ:

f (η) = a(η)h(η) (9.122)

Óðàâíåíèå (9.116) ïðèíèìàåò âèä:

f ′′ +

(
k2 − a′′

a

)
f = 0 (9.123)

Ò.ê. a çàâèñèò îò η ñòåïåííûì îáðàçîì (ÐÄ è ÄÌ
ñòàäèè), òî

a′′

a
= const

1

η2
, const ∼ 1 (9.124)

Ïîä ãîðèçîíòîì

kη � 1⇒ k2 � 1

η2
∼ a′′

a
⇒ k2 − a′′

a
∼= k2 ⇒ (9.125)

ïîëó÷àåòñÿ óðàâíåíèå îñöèëëÿòîðà

f ′′ + k2f = 0⇒ (9.126)

f (η) = C cos(kη + α)⇒ h(η) =
C

a(η)
cos(kη + α)

(9.127)
C, α èùåì èç óñëîâèÿ ñøèâêè ñ êîíñòàíòíîé ìîäîé.

Ãðóáî (àñèìïòîòèêà)

Ìîìåíò âõîäà ïîä ãîðèçîíò η×:

h(η×) =
C

a(η×)
cos(kη× + α) ∼ C

a(η×)
⇒ (9.128)

C ∼ h(η×)a(η×) ∼ h(i)a(η×)⇒ (9.129)

h(η) ∼ h(i)
a(η×)

a(η)
cos(kη + α) (9.130)

(η× äëÿ ðàçíûõ k � ðàçíûå!)

Åñëè h(i) íå çàâèñÿò îò k (áåëûé øóì), òî çàâèñè-
ìîñòü h îò k äëÿ ìîä, âîøåäøèõ ïîä ãîðèçîíò, îïðå-
äåëÿåòñÿ çàâèñèìîñòüþ a(η×(k))

η× ∼ 1/k ⇒
Åñëè âîëíû âõîäÿò íà ÐÄ ñòàäèè

a(η×) = const η× = const
1

k
⇒ h(k) ∝ hi

1

k
; k � k(eq)

(9.131)

Åñëè âîëíû âõîäÿò íà ÄÌ ñòàäèè

a(η×) = const η2
× = const

1

k2
⇒ h(k) ∝ hi

1

k2
; k � k(eq)

(9.132)

Óòî÷íåíèå îöåíêè: ðåøàåì (9.116) ïðè η ∼ η×

Äëÿ ÐÄ-âõîäÿùèõ ìîä

a′

a
=

1

η
⇒ (9.133)

èç (9.116)

h′′ +
2

η
h′ + k2h = 0 (9.134)



Çàìåíà x = kη ⇒

d2h

dx2
+

2

x

dh

dx
+ h = 0 (9.135)

Ðåøåíèå, ñòðåìÿùååñÿ ê êîíñòàíòå ïðè x → 0 åñòü
ñôåðè÷åñêàÿ ôóíêöèÿ Áåññåëÿ 0-ãî ïîðÿäêà:

j0(x) =
sinx

x
(9.136)

h(η) = h(i)
sin kη

kη
(9.137)

• Ýòî ðåøåíèå âåðíî ëèøü íà ÐÄ-ñòàäèè, âáëèçè η×.
Êàê îíî âåäåò ñåáÿ ïîòîì?

Çàïèøåì â âèäå (ïåðåõîäèò â (9.137) âáëèçè η×):

h(η) = h(i)
a(η×)

η×

sin kη

ka(η)
(9.138)

Îòíîøåíèå a(η)/η íå çàâèñèò îò âðåìåíè (âáëèçè
η×). Èç (8.40):

a(η×)

η×
=

(
g∗
g∗,0

)1/6

a2
0H0

√
Ωrad ⇒ (9.139)

h(η) = h(i)

[(
g∗
g∗,0

)1/6

a2
0H0

√
Ωrad

]
sin kη

ka(η)
(9.140)

Ýòî ðåøåíèå óíèâåðñàëüíî âåðíî ïðè âñåõ η ïîñëå
âõîäà ìîäû ïîä ãîðèçîíò, òàê êàê àìïëèòóäà óíè-
âåðñàëüíî ïàäàåò êàê 1/a (ñì. ãðóáóþ îöåíêó âûøå)!
Ôàçà êîëåáàíèÿ ôèêñèðîâàíà!

Äëÿ ÄÌ-âõîäÿùèõ ìîä

a(η) = const η2;
a′

a
=

2η

η2
=

2

η
(9.141)

èç (9.116)

h′′ +
4

η
h′ + k2h = 0 (9.142)

Çàìåíà:

h(η) =
1

η
y(η)⇒ (9.143)

d2y

dη2
+

2

η

dy

dη
+

(
k2 − 2

η2

)
y = 0 (9.144)

Åùå çàìåíà: x = kη ⇒

d2y

dx2
+

2

x

dy

dx
+

(
1− 2

x2

)
y = 0 (9.145)

� óïàâíåíèå äëÿ ñôåðè÷åñêîé ôóíêöèè Áåññåëÿ 1-ãî
ïîðÿäêà:

j1(x) =
1

x2

(
sinx

x
− cosx

)
(9.146)

Àñèìïòîòèêà j1(x→ 0) = 1/3.

Ðåøåíèå ñ àñèìïòîòèêîé h(η → 0) = h(i):

h(η) = −3h(i)
1

(kη)2

(
cos kη − sin kη

kη

)
(9.147)



h(η) = −3h(i)
a(η×)

η2
×

1

k2a(η)

(
cos kη − sin kη

kη

)
=

=

∖
Èç (8.45) :

a

η2
=
a3

0H
2
0ΩM

4

∖
=

= −3h(i)
a3

0H
2
0ΩM

4

1

k2a(η)

(
cos kη − sin kη

kη

)
(9.148)

Ïðè kη >> 1 (ãëóáîêî ïîä ãîðèçîíòîì)

h(η) = −3h(i)
a3

0H
2
0ΩM

4

1

k2a(η)
cos kη (9.149)

÷òî ñîîòâåòñòâóåò (9.130) è (9.132).

Ýòî ðåøåíèå óíèâåðñàëüíî âåðíî ïðè âñåõ η ïîñëå
âõîäà ìîäû ïîä ãîðèçîíò, òàê êàê àìïëèòóäà óíè-
âåðñàëüíî ïàäàåò êàê 1/a (ñì. ãðóáóþ îöåíêó âûøå)!
Ôàçà êîëåáàíèÿ ôèêñèðîâàíà!


